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Abstract 



o 

■ We study the compactness problem for moduli spaces of holomorphic supercurves 

which, being motivated by supergeometry, are perturbed such as to allow for transver- 
sality. We give an explicit construction of limiting objects for sequences of holo- 
morphic supercurves and prove that, in important cases, every such sequence has a 
convergent subsequence provided that a suitable extension of the classical energy is 
uniformly bounded. This is a version of Gromov compactness. Finally, we introduce 
a topology on the moduli spaces enlarged by the limiting objects which makes these 
\ spaces compact and metrisable. 
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■ 1 Introduction 

>' 

Holomorphic supercurves were introduced in [TO] as a natural generalisation of holomor- 
phic curves to supergeometry. Holomorphic curves, in turn, have been a powerful tool in 
the study of symplectic manifolds since the seminal work of Gromov (|12j). In general, 
^r") | solution sets of nonlinear elliptic differential equations often lead to interesting algebraic 

invariants. In the case of holomorphic curves, these are known as Gromov- Witten invari- 
ants. Here, one typically encounters two problems: First, the moduli spaces in question 
are wanted to have a nice structure (which is a transversality problem) and, second, they 
are usually not compact but need to be compactified. Examples for the occurrence and 
solution of both issues include the aforementioned Gromov- Witten invariants (cf. |14j). 
invariants of Hamiltonian group actions as introduced in [6] and symplectic field theory 
(cf. [9] and [8]). In the case of holomorphic supercurves, the transversality problem was 
solved in [11] by making the defining equations depend on a connection A such that the 
corresponding linearised operator is generically surjective. This perturbed definition is 
referred to as an (A, J)-holomorphic supercurve. 

To fix notation, let us briefly recall the relevant background. Let £ be a connected 
and closed Riemann surface with a fixed complex structure j. Moreover, for simplicity, 
we also fix a Riemann metric h in the conformal class corresponding to j. By a standard 
result, biholomorphic diffeomorphisms of £ agree with its conformal automorphisms 
(cf. Sec. A. 3 of [2]). For our purposes, the most important example is the sphere 
£ = S 2 which we identify, via stereographic projection, with two copies of C glued 
along C* via the transition map z i— > -. Under this identification, the standard metric 
on S 2 is a constant multiple of the Fubini-Study metric /i( s ,t) := jp^rj-pyiids 2 + dt 2 ) 
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on C U {00} , and conformal automorphisms, known as Mobius transformations, have 
the form z h-> ||±& with ad — be = 1 and a, 6, c, d G C. As our target space, we 
let (X,uj) denote a compact symplectic manifold of dimension 2n and fix an w-tame 
(or ^-compatible) almost complex structure J. Every such structure J determines a 
Riemann metric gj. A (J-)holomorphic curve is a smooth map <p : S — > X such that 
djip := §(d<£ + J o dy? o j) = holds. 

Definition 1.1 Lei L — ?■ £ &e a holomorphic line bundle and A be a connection 

on X. An (A, J)-holomorphic supercurve is a pair ((p,tp), consisting of a smooth map 
ip G C°°(E, X) and a smooth section ip G L <£>*TA) ; /or brevity denoted (if, tp) : 
(S,L) — > X, such that 

dj<p = o, v^U-= (v A > J Ve) 0,1 • + V>e • (30) = 

holds where, for U C £ sufficiently small, we fix a nonvanishing section 6 G r(J7, -L) 
and let ipjg G r(C7, y?*TX) be such that ipj = 9 ■ holds. Here, d denotes the usual 
Dolbeault operator on L. 

Based on Def. 11.11 this article solves the compactness problem in important cases and 
may be read independent of [TO] and [11] . It is organised as follows. In Sec. [21 we show 
that the defining equations are conformally invariant and introduce the super energy as a 
conformally invariant extension of the classical energy. In Sec. [3[ we prove removability 
of isolated singularities for holomorphic supercurves with finite super energy by means 
of mean value type inequalities and an isoperimetric inequality for local holomorphic 
supercurves. In Sec. [H we study how the bubbling off of classical holomorphic spheres 
affects a sequence of holomorphic supercurves. We prove, in particular, that the rescaling 
can be chosen such that there is no loss of super energy. In Sec. we introduce stable 
supercurves and prove that every sequence of holomorphic superspheres with uniformly 
bounded super energy has a subsequence that converges to such an object. This is 
Gromov compactness. Finally, we define a compact and metrisable topology on the 
moduli spaces that describes this convergence. Put together, our transversality and 
compactness results raise hope to be able to construct new invariants or at least to find 
new expressions for existing ones in subsequent work. 

1.1 Gromov Compactness for Holomorphic Curves 

We recall some basic facts about compactness in the case of holomorphic curves. Consult 
|14j as well as the references therein for details. Since the holomorphicity condition 
djip = is conformally invariant, there is a canonical action of the group G of conformal 
automorphisms of S on the moduli space of simple J-holomorphic curves representing 
a given homology class /3 G fl^OX", Z). Since G is typically not compact, this space is, 
in general, non-compact either. Another failure of compactness lies in the formation of 
bubbles. Let us first recall the notion of energy for smooth maps <p : E — >■ X: 

(1) i%):=^|d< gj dvol s 

On the one hand, it coincides with the harmonic action functional A((f) = E(<p) and, 
by the energy identity, is a topological invariant. On the other hand, it is important for 
the bubbling analysis to be sketched next. 
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Consider £ = S 2 and let ip u be a sequence of holomorphic curves such that the energy 
E((p u ) is uniformly bounded. Then a suitable subsequence converges to a holomorphic 
sphere ip on S 2 with a finite number of points Zj G S 2 removed and, at each Zj, another 
holomorphic sphere (a bubble) is attached in the limit. The proof is based on a conformal 
rescaling argument, using removability of isolated singularities for holomorphic curves 
and conformal invariance of the energy E(ip,U) for U C S 2 . The limiting objects are 
obtained by an inductive argument over the bubbling process, which terminates by the 
following result: There is a constant h > such that E(ip) > h for every nonconstant J- 
holomorphic sphere if : S 2 — )• X. One can thus show that every sequence of holomorphic 
curves has a subsequence that converges to a stable map (in the sense of Kontsevich) 

(2) O, Z) = {{ip a }a£T, {z a /3 G S 2 } aE/3 , {«;, Zi G S 2 }i<i< n ) 

that is a collection of holomorphic curves modelled over a labelled tree (T, E, A) with 
compatibility conditions for the edges. This result is called Gromov compactness. Here, 
the marked points Z{ are not needed in the first place but added for obtaining an evalu- 
ation map, from which the Gromov- Witten invariants are then built. 

There is a natural notion of equivalence of two stable maps (<£>, z) ~ (</?', z') by a tree 
isomorphism and a collection of Mobius transformations. We define the moduli spaces 

(3) M , n (X;J) > M , n {X,P;J) , M), n (X,/3;J) 

of stable maps with n marked points, those which represent f3, and the corresponding 
space of equivalence classes, respectively. By a more general Gromov compactness the- 
orem, every sequence in Mo tn (X;J) with uniformly bounded energy has a convergent 
subsequence, and the same is true for every sequence in M.Q^ n (X, j3; J). Moreover, limits 
are unique up to equivalence. Gromov convergence can be measured by a "distance" 
function p e ((ip,z), (ip',z')) for (cp,z),((p',z') G Mo, n (X, (3; J), where e > is a suffi- 
ciently small constant. By means of p e , one can define a topology on M.q !TI (X, (3; J), 
called Gromov topology, with respect to which these spaces are compact and metrisable, 
and convergence is equivalent to Gromov convergence. 

2 Conformal Invariance and the Super Energy 

In this section, we show conformal invariance of (A, J)-holomorphic supercurves and 
introduce a conformally invariant extension of the energy ([1]). 

For this purpose, let us first study an important class of holomorphic line bundles 
on Riemann surfaces. Let Spin(2) = S 1 denote the 2-dimensional spin group and, in the 
following, fix a spin structure Spin(S) on S. We define, for d G Z*, representations 

p d : Spin(2) -)> GL(C) * C* , p d (s)(v) = s d ■ v 

on C and consider the complex line bundles Ld := Spin(S) x (Spin(2),/j. d ) C of degree 
degLd = d(l — g) where g denotes the genus of S. On the sphere S 2 , which carries a 
unique spin structure, the (isomorphism classes of) holomorphic line bundles are exactly 
the bundles L d - Of particular importance are the (half-)spinor bundles S + = L_i and 
S~ = L% as well as the (co)tangent bundles T*E = L_2 and T£ = L2. In general, we 
may identify L d = {Li) d = (L_i)~ d = (S + )~ d , and the spin structure thus induces a 
holomorphic structure on each L d . By a simple calculation, the Hermitian metric H on 
C, defined by H (x, y) := K(xy), is invariant under the action pd of Spin(2) for every 
d G Z*. We thus yield a global metric as follows. 
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Lemma 2.1. Let s G T(U C S,Spin(S)) 6e a local section such that elements of [Ld)z 
may be written \s z ,v\, \s z ,w\ with v,w G C. Then, prescribing 

H([s z ,v], [s z ,w]) := [s z , H(v, w)] 

yields a well-defined Hermitian bundle metric on 

In general, let L be a complex line bundle and deZ*. We let Id denote the canonical 
bundle map Id ■ L — > L d , which is constructed as follows. Note first that any bundle 
atlas of L induces a bundle atlas of L d : Considering L as a collection x C} for open 
subsets U a C £ with cocycles : C/ Q n JTg — ^ C*, L d may be identified with the same 
collection {U a x C} with cocycles <?£g. Now identify v G L|[/ a with a complex number 
and prescribe ld{v) '■= v d . This prescription is well-defined. 

Lemma 2.2. Lei m, rh : £ — > £ 6e holomorphic maps which are homotopic to the 
identity id : £ — >• £. Then, for every d G Z* , f/iere exists a homomorphism ydm : 
Ld —5- L^ o/ holomorphic line bundles, which is unique upon prescribing vid := id. 

r - ; — d / . _ d , , , _ .... , r - : — a! 



Moreover, \l d(rn o fh) = V dm a y dm holds. If m, rh are bijective, then so is v dm 
and (yfd~m d )~ l = \J d{m~ l ) d and (y/d(m o m)^) -1 = (V^m^) -1 o (Vdm^) -1 . In i/ws 
case, we may meu> \fdm as a bundle isomorphism V dm : m*Ld- 

Proof. The differential dm : (Li) 2 — >■ (Li) 2 is homotopic to the identity since m is homo- 
topic to the identity and, moreover, complex linear since m is holomorphic. Therefore, 
the existence of V dm as a homomorphism of complex line bundles with the properties 
stated follows from standard arguments involving covering spaces (cf. Sec. 1.3 in |13j). 

v 7 dm d is holomorphic because dm is. □ 

Lemma 2.3. Let m : £ — > £ be a holomorphic map which is homotopic to the identity. 
Then the induced bundle homomorphisms V dm : Ld —> Ld are conformal with respect 
to H. More precisely, 

H m ( z ) (^fdm(v), \ r dm d (w)) = (\ m {z))i ■ H z (v, w) 

holds for v, w G (Ld) z , where X m is the conformal factor from m*h = X m ■ h. 

Proof. Let s be a local section of Spin(£) in a neighbourhood of z G U C £. Then, 
by definition, Ld is trivial on U upon identifying [s,v] G Spin(£) x Md C = Ld with 
the complex number v. The same holds for a neighbourhood of m(z), and analogous 
for the tangent bundle T£ = Spin(£) x^ 2 IR 2 . With respect to these trivialisations, 

the maps dm and \fd~m correspond to multiplication with complex numbers, denoted 
(unambiguously) by the same symbols, such that |dm| = \J\ m . □ 

Every Mobius transformation of the sphere is homotopic to the identity. In this case, 
the hypotheses of Lem. 12.21 and Lem. 12.31 are, therefore, satisfied. Now let (f : £ — >■ X 
be a smooth map and consider the (twisted) complex vector bundles Ld <%>j ip*TX = 
Ld ®c ip*T 1,0 X. Let m : £ — > £ be a conformal automorphism which is homotopic to 
the identity. We denote the lift from Lem. 12.21 bv <& m := V dm : Ld — > Ld- Its inverse 
induces identifications (bundle isomorphisms) : m*Ld — > Ld and 

$ m x : m*L d <g> j (if o m)*TX 4 L d ®j (if o m)*TX 
denoted by the same symbol. 
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Definition 2.4. Consider a function (p G C°°(E,X) and a section if) G T(Ld®j(p*TX). 
We define the transformed objects under m by 

(p := ip o m , ip := $~ o if) o m G T(L rf ®j <^*TX) 

If m is another conformal automorphism homotopic to the identity, Lem. 12. 2 1 implies 
that the concatenation satisfies 

(4) ip o (m o ifi) = (p o m) o rh , ^mom °ip ° (mo in) = o o ip o m) o in 

Proposition 2.5 (Conformal Invariance). Letm : E — >• E 6e a conformal automorphism 
which is homotopic to the identity and (<p,ip) be a pair, consisting of a function ip G 
C°°(E,X) and a section if) G r(E, L d <g)j tp*TX). Then 

vf J $) = ^ o P^' J ^ o dm G n ' 1 ^ ® j y3*TX) 

holds. In particular, the defining equations for an (A, J)-holomorphic supercurve (ip, ip) : 
(T,,Ld) X are conformally invariant: 

djv = o <=> dj^ = o , v^ J ip = o <=> vf J ($) = o 

Proof. By assumption, dm commutes with d and, by Lem. 12.21 the same holds for 
such that do $~ (9 o m) = (J)" 1 o (90) o dm follows. Let z G E. In general, the pullback 
connection satisfies the identity 

(V A (Ho m )) z =(V A t) m{z) od z m 
for every vector field £ G T(<p*TX) and the composition ^om G (99om)*TX. Therefore 

(V A ' J (^e o m)) 0,1 = (V A ' J iP e ) 0,1 o dm G ft ' 1 ^ o m)*TI) 
With this preparation, the statement follows from a straightforward calculation. □ 

We will next introduce a conformally invariant extension of the energy (JTJ) which 
involves the sectional part ip. Let g = gj denote the Riemann metric on X induced by u 
and J, and let H denote the Hermitian metric on from Lem. 12.11 H and g together 
induce a bundle metric, denoted (, ), on ®r ip*TX = ®c (p*T X, which descends 
to the subbundle ®c V*^ 1,0 ^- It is Hermitian since H and g are Hermitian (i.e. g is 
J-orthogonal) . A short calculation yields 

(5) {ip, ip') = \g (ipe, ■ H (9, 9) + X -g (if) 6 , Jif/ g ) ■ H (9, id) 

where 9 and ip$ are local sections of Ld and tp*TX, respectively, and we write sections 
of Ld <8>j ip*TX in the (local) form ip = ^(ip$9 — iJipgd). The following lemma follows 
immediately from Lem. 12.31 and m*dvols = X m ■ dvolx;. 

Lemma 2.6. In the situation of Def. \2.4\ let d ^ and ip, ip' G T(Ld <g)j cp*TX). Then 
[ (ip, ip')' ld dvol s = / (ip, ip'Y~ d dvol s 

Ju Jm- 1 (U) V ' 

holds for U C E, whenever both sides are defined. In other words, the integral is con- 
formally invariant. 
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Remark 2.7. Similarly, one shows that in the case d = 0, i.e. L = Lq = C, the 
following integral is conformally invariant: 

[ (VV, W)„,dvol s = / (V^,V^) dvol s 

where V is any connection on TX (e.g. the Levi-Civita connection of g), and we denote 
the induced connection on <p*TX = Cg)j ip*TX by the same symbol. 

Definition 2.8. Let U CS be an open subset. For a pair (ip,ip), consisting of a function 
ip G C°°(E, X) and a section ip G T(Ld®jip*TX) such that d ^ 0, we define the energies 

E(<P,U) := ~ [ \d<p\ 2 dvol s , Ety,U) := ~ [ dvol s 
z Ju 1 Ju 

E(ip,iP,U) := E(<p,U) + E(4>,U) 

where the norm \ip\ 2 = (ip, ip) is defined by the bundle metric (Ejj. We call E((p,tp) := 
E(ip,ip, S 2 ) the super energy of(ip,ip). 

The super energy of a pair (ip, ip) extends the energy of p as defined in ([1]). Note that 
we do not treat E(ip, ip) as an action functional, however. By Lem. 12.61 it is conformally 
invariant: 

(6) E(ip,U) = E(<pom,m~ 1 (U)) , E(tp, U) = E(tp o m, m _1 (f/)) 

where we abbreviate ip o m := ip = o ip o m, using the notation from Def. 12.41 
By (JU), it is then clear that ip o (m o fh) = (ip o m) o m holds for the concatenation of 
two conformal automorphisms m, fh homotopic to the identity. We summarise the most 
important cases d = —2 and d = —1: 

E(i=-i(tp, U) = \ ! H 4 dvol s , E d= ^,U) = \ I |Vf dvol E 
1 Ju 1 Ju 

3 Removal of Singularities 

In this section, we prove the following theorem about the removability of isolated sin- 
gularities. 

Theorem 3.1 (Removal of Singularities). Let U C £ be an open subset, p G U and 
(<p,ip) '■ (U \ {p},L^) — >• X be an (A, J)-holomorphic supercurve on U with finite super 
energy E(cp, ip, U) < oo. Then, in the cases d = —2 and d = —1, (ip, ip) extends smoothly 
over p. 

The corresponding statement for the underlying holomorphic curve ip is a classical 
result, stated e.g. as Thm. 4.1.2 in p3]. In the proof for the section ip, we use mean value 
type inequalities and a local isoperimetric inequality. Thm. 13. H is entirely local. Recall 
from [11] that every (A, J)-holomorphic supercurve is a local holomorphic supercurve 
upon choosing conformal coordinates on £ and trivialising the bundle I by a local 
holomorphic section. In the following, we denote by z = s + it the standard coordinates 
on C = M 2 . 
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Definition 3.2. Let U C C be an open set and p > 2. Then a pair of functions 
(<p,ip) £ W 1,P (U, R 2n ) is called a local holomorphic supercurve if there are functions 
J e C l+1 (V,R 2nx2n ) and D G C l {V x R 2n , R 2nx2n ), where V C R 2n is an open set with 
ip(U) C V, J 2 = —id ZioWs and D is linear in the second component, such that 



d s cp + J(cp) ■ d t <p = , 9 S V + <%>)• ^ + (-D(^) • d s ip) ■ ip 
or, equivalently, upon abbreviating J := J o ip and D := {D{ip) ■ d s ip) 







(7) 
(8) 



d s ip(z) + J(z) ■ d t ip(z) = 
d s i/j(z) + J{z) ■ dti/>(z) + D(z) ■ ij}{z) = 



for every z £ U . 

This is a good place for collecting some estimates for later use. Consult [IT] or [7] for 
a standard treatment. We denote the Sobolev norms for maps / : U —> V with U C M n 
and V C R m by H/H^ := \\f\\ LP{uy) and H/H^ := | \f\\ W H, mv y This includes 
the case p = oo. If the reference to £/ is clear, we also abbreviate the norms towards 



0,p 



and respectively. Holder's inequality reads 11^1^ < 



\m P \\v\\ q 



for 1/p + 1/q = 1. Applied to p = % and g = 3, we thus yield 



(9) 



11/511 



4 4 

l/l 3 



< 



l/l 1 



1.9 



2 llsl 



Different Lebesgue norms may be estimated against each other: Let 1 < p < q < oo and 
assume that U is bounded. Then there is a constant C > 0, depending on U, p and q 
such that 



(10) 



U.p 



< C- 



U,q 



By definition of the Sobolev norms, an analogous estimate holds for 



\U,k,p 



and 



\U,k,q- 



Next, the Sobolev embedding theorem states that, for 1 < kp < n and provided that U 
is a bounded and has a Lipschitz boundary, there is a constant C > 0, depending on U, 
k and p such that 



U,np/ (n—kp) 



< c- 



U,k,p 



For our purposes, U is usually a subset of R , such that n = 2. Estimate (|TT|) . applied 
to = 1 andp = 4/3, then reads ||/|| 4 < C \\f\\± ±. Sobolev spaces embed into spaces of 
differentiable functions as follows. Let k > and p > n, and assume that U is bounded 
and has a Lipschitz boundary. Then there is a constant C > 0, depending on U, k and 
p such that 



(12) 



< c- 



C/,fc,p 



sup 

x,y£U 



\m-m\ 



<C-\\df\\ 



for := 1 — n/p. The second estimate is known as Morrey's inequality, and the inclusion 
W k 'P(U) C C^^C/) is compact. 
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3.1 The Local Super Energy 

We translate boundedness of the super energy into local form next. For the cases 
d = —2 and d = — 1, the sectional part E(tp) involves L 2 and L 4 -norms, respectively, 
which depend on the global bundle metrics from ([5]) and may be estimated by the 
corresponding norms for functions R 2 — > R 2n . 

For later use, we need a sharper estimate, treating different (p and J simultaneously, 
as follows. For z G S 2 andp G X, we consider the scalar product (•, •) on the vector space 
L z <8> j p T p X, which is constructed from H z and gp 1 analogous to the bundle metric ©. 
Fixing a nonvanishing local section 9 G Y(U,L) and coordinates (V C X, x , ... ,x 2n ) 
on X, there is a canonical identification 



1 ( d , .8 



(13) L z ®j p T P X — >■ R , _/_| p _ij p _| p ) .0 z _> e 



for z £ U and p € V, where ej denotes the j-th standard basis vector of R 2n . Moreover, 
choosing 9 such that H (9, 9) = 1 and H (9, j9) = (which is possible for every proper 
open subset U C S 2 ), we obtain 

Writing v = v 3 ■ ej, a standard estimate yields the following lemma. 

Lemma 3.3. Let K C X be a compact subset which lies completely within a coordinate 
chart of X. Let U C S 2 be a proper open subset and 9 G T(U,L) be a section with 
respect to which M'J\) and |i^| ) hold. Then there are constants m,M > 0, depending 
(continuously) on J, 9 and the X -coordinates chosen, such that for all z G U, p G K 
and v G L z ® Jp T p X S R 2n 

™\v\l m ® Jp t p x < Mr*. < M \ v \l z ®j t p x 



holds, where \-\m2n denotes the standard norm on 



d2/i 



For the rest of this section, we shall denote by (-, •) := (-, -) R 2n the (constant) 
standard scalar product on R 2n and by |-| := |-|jg2n the induced norm, unless otherwise 
stated. We introduce a local version of the super energy next, which is defined such 
that, on the one hand, it is bounded above by the ordinary super energy in the cases 
d = —2, —1 (by Lem. 13.71 below) and, on the other hand, its boundedness suffices for 
the proof of Thm. 13. 1\ which will become clear in the course of this section. 

Definition 3.4. Let [/CM 2 be an open subset and (p, ip G C l (U, R 2n ). Then the local 
super energy of (ip, ip) on U is the following integral. 

E loc (ip, ip, U) := J {\d^\ 2 + \^\ 2 + \d^f)dsdt 

Here and in the following, s + it denotes the standard coordinates on C = R 2 . 
Moreover, for brevity we shall often omit writing "dsdt" in integrals over a subset of 
R 2 . The next lemma is borrowed from App. B in [14j . It is proved by means of an 
inequality due to Calderon and Zygmund [3J, [3]. 
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Lemma 3.5 (Elliptic Bootstrapping, weak form). Let U' C U C C be open sets such 
that U' C U and 1 < p < oo. Then, for every constant cq > 0, £/iere is a constant 
c > suc/i £/ia£ the following holds. Assume J G iy 1,00 ([7, R 2nx2n ) satisfies J 2 = -id 
and || oo < cq. Then, for every u G (?7, M 2n ) ; i/ie following estimate holds. 



\\ u \\u',l,p ^ C [W d s U + Jd M\ufl,p + W u Wu,o,pj 

In the following lemmas, we use the notations J, D, J and D as in Def. 13.21 

Lemma 3.6. Let [/' C (/ C I 2 bounded open sets such that U' C t/ and (c^, ^) G 
C 1 (C/, R 2n ) 6e a Zoca/ holomorphic supercurve of regularity class C . Then there 



is a 



constant C > 0, depending on 



J 



C/,l,oo 



and 



< C 



C/,0,oo 

IV'I 2 



f'oui noi on ip) such that 



u 



Proof. By ([8]), the hypotheses of Lem. 13.51 are satisfied for p = 2 and J replaced by J, 
and the statement follows from the resulting estimate as follows. 



U' 



< c 



d s ip + Jd t tp 



U,2 



+ 



U,2 



< C 



D 



U,OD 



+ 1 



□ 



Lemma 3.7. Let (ip,ip) ■ (S 2 ,-L^) — > X be an (A, J) -holomorphic supercurve. Let 
V C [/ C M 2 be bounded open sets such that V C U and such that (ip, tp) may be 
considered as a local holomorphic supercurve on U. Then, in the cases d = —2 and 
d = — 1, there is a constant C > 0, depending on J and D (but not on 

U,l,oc (7,0,00 

tfj ), such that 

E loc (ip, J,, U')<C- (E(<p, ill, U) + E(<p, ^,U)^j 

In particular, the local super energy is bounded if the super energy is. 

Proof. By Lem. 13.31 we may estimate the standard norm on M. 2n by the bundle norm. 
In the case d = —2, we thus obtain a constant c > 0, depending only on the geometry, 
such that the following estimate holds. 



dsdt < c ■ 



u 



V 



Mi 



d<&Jlp 



> TX dvol 5 2 = 2c • E(ip, ip, U) 



In the case d = — 1, the analogous argument and, moreover, the Lebesgue estimate (jlOp 
with p = 2 and q = 4 yield constants c\,c<i > 0, depending only on the geometry, such 
that the following estimate holds. 



< ci 



<C 2 



t<P*TX 



dvol s2 ) =V2c 2 -E( t p,ij,U) 1 2 



In either case, the integral over \dip\ is, similarly, bounded above by a multiple 
of E(ip,U). Finally, the remaining estimate for the integral of the term \dip\ 2 (over a 
smaller set U' and with a constant as stated in the hypotheses) follows directly from 
Lem. 13.61 This proves the statement. □ 
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3.2 Mean Value Inequalities 

For the proof of Thm. 13.11 and also for the bubbling analysis in the next section, we 
need the mean value inequalities for local holomorphic supercurves to be developed next. 
They both follow from a lemma due to Heinz. Let A := d 2 + d 2 denote the standard 
Laplacian on M 2 and B r := B r (0) be the (open) disc around with radius r. 

Lemma 3.8 (The Heinz Trick, Lem. A.l in [H]). Let r > and a, b > 0. Let w : B r — > 

R be a C 2 -function that satisfies the inequalities 

Aw > —a — bw 2 , w > , w < 



13 r 



166 



Then the estimate w(0) < ^ — h J B w holds. 

Lemma 3.9 (First Mean Value Inequality). Let £ U C M. 2 be a bounded open set, 
(<p,ip) G C l+1 (U,M. 2n ) be a local holomorphic supercurve and r > small enough such 
that B r := B r (0) C U. Then 



i2 „ I i , MI 2 / or 2 8 / 2 



<^ i^(o)i z < — + — / ivr 

16 8 7rr z 



'Br- 1U ° " 1 J B 

where a > is a constant depending on 



b 


and 


J 




U,l,oo 





(but not on ip ). 

C.l.oo 



Proof. With w := \ip\ 2 , we have 



(15) A™ = 2(AV, 4>) + 2\d s ^\ 2 + 2\d t 4>\ 2 

For the rest of the proof, we shall write D and J instead of D and J, respectively. 
Then, the holomorphicity condition (|8|) implies 

A^ = d s (-J ■ dti> - D ■ VO + d t {Jd s ^ + J Eh})) 

= {-d s D + dt(JD)) i/> + (-D + d t J) 8 s i{j + (-d s J + JD) d t i> 
=: Lip + Md s ip + Nd t ip 

with L, M, N : U — > M? nx2n depending only on J and D and their first derivatives. The 
previous calculation implies the estimate 

(AV, V) < (\L\ M + |M| + |iV| |a t ^|) |V| 

= |L| |Vf + 2 Q |M| \d s ip\ + 2 Q \N\ |V|) |^| 

< |L| |V| 2 + J |M| 2 |V| 2 + \drf\ 2 + \ \N\ 2 |Vf + \d t i;\ 2 
and, using (fT5]) . we obtain 

A» > -2|(A^, V)l +2|a s ^| 2 + 2|^| 2 
>-(2|L| + i|M| 2 + i|iV| 2 ^| 2 

>" (2 \\L\\u,oo + \ \\M\\ 2 UtOB + ^||iV|| 2 ;, 0O )|^| 2 
=: — 2yfa ■ w > —a — w 2 

By the last estimate, the hypotheses of Heinz' Lemma 13.81 are satisfied with b := 1, thus 
providing the estimate which was to show. □ 
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Lemma 3.10 (Second Mean Value Inequality). Let G U C R 2 6e a bounded open set, 
((^,■0) G C i+1 (C7, IR 2ra ) 6e a /oca/ holomorphic supercurve with I > 2 and r > small 
enough such that P>ir '■= B2 r (0) Q U. Then 



B 2r 



| 2 <- 
1 16 



13 1 



2 <- 

64 



|#(0)| 2 < ]+cr 2 + dr /l -\- 



13 r 



where c, d > depend on 
Proof. Let w := 



D 



and 



U,2,oo 



J 



U,2,oo 



(but not on ijj). 



2 and set £ := d s tp and r\ := dtip. Then w = |£| 2 + 



and 



(16) 



Aw = 2 (A£, + 2 (At?, n) + 2 |<9 S £| 2 + 2 |^r/| 2 + 2 |«9 t £| 2 + 2 |d t r/| : 



For the terms involving A£ and An note that dtd s ifj = d s dti^ and thus <9t£ = 9 S 7? holds, 
whence d s dtn = dtd s n = dtdt£. Therefore, with L,M and N as in the proof of the 
previous lemma, we yield 

AC = d s (d s £ + d tV ) + a t a t £ - d s d t r, 
= d s (d s d s tp + 

= 8 S [La)) + M9 S V + Nd t 4>) 

= (5 S L)V + (L + d,M) £ + (<9 s iV)7? + M(d s £) + iV(a,77) 
=: Xi> + F£ + Z V + Af (a.o + iV(d s f?) 

The previous calculation implies the following estimate. 

(A£, < \X4> + Yi + Zn + M(d s + iV(a fl r/)| |£| 



< 



id 



X\\u,oo +M\y\\u,oo + ll^ll^,oo + H^llLo + 



2 

C/,00 



+ 4) (|£| 2 + M ; 



+ ivf + iw + M 

=: 2VP ■ w + \i;\ 2 + \d s £\ 2 + \d s rj\ 2 
<w 2 + (P+\4>\ 2 ) + \d s £\ 2 + \d s r ] \ 2 

where P only depends on the infinity norms over U of derivatives up to second order of 
J and D. By analogous estimates, one can further show that there is a constant Q with 
corresponding dependencies such that 

(At?, t?) < w 2 + (Q + + |d t £| 2 + |d t r?| 2 

Thus, using (fT6"J) . we obtain 

A W > -2|(A£, e)|-2|(Ar? ! r?)| + 2 |«9 S £| 2 + 2 |c\??| 2 + 2 |5^| 2 + 2 |^r?| 2 
> -Aw 2 - (2P + 2Q + 4|^| 2 ) 

By hypothesis we have, for \p\ < r, 



B r {pe ie ) 



M 2 < 



B 2r (0) 



| 2 <- 

1 16 
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and thus, applying Lem. 13.91 with replaced by pe %e G B r , we obtain 



ip(pe 



< 



ar 



+ 



W Jj3 r (pe ie ) 



a ^ ar 1 
1 ^- + 2^ 



Therefore 



Aw > -Aw 



2 2 

2P + 2Q + — + -z ) =: -4w z - A 



follows. By Heinz' Lemma 13.81 applied with A and b := 4, we thus yield 

,2 a 



At 

\dm\ 2 < — + 



nr* j B 



\dM' 



1 P + Q 
4 4 



r z H r* + 

16 



tit' J B 



which was to show. 



□ 



Corollary 3.11. Let G £7 C M 2 6e a bounded open set, ((p,ip) G C m (f/ \ {0}, M 2n ) be 
a local holomorphic supercurve where I > 2 and such that E loc (ip, t/),U) < oo. Then there 
is a constant ro > 0, depending on t/j, and a constant C > 0, depending on D 



U,2,oo 



and 



J 



U,2,oo 



and ro (but not on ip ), such that B^ ro C U and for all r < ro 



(hf) (re 1 



7rr z 



B 2 r 



Proof. By the assumption on the boundedness of the local super energy, there is < 
rg < 1 (sufficiently small) such that Bj, ro C [7 and 



2 <^ 

64 



holds. By the inclusions B2 r (re ld ) C i? 3ro and B T (re td ) C _B 2n , for r < ?"0j the hy- 
potheses of Lem. 13. 101 are, therefore, satisfied with replaced by re l6 , and the following 
inequalities result. 



dip (re 



i6-> 



<\ + cr 2 + dr A + 



^ r JB r (re ie ) 



2 < t + crl + dro + —= 
4 u u 7rr 2 



B 2 r 



□ 



3.3 Proof of the Singularity Theorem 

Based on the preparations until now, we now come to the actual proof of Thm. 13.11 Its 
core is enshrined in Prp. 13. 151 below which, in turn, is based on the mean value inequal- 
ities from the previous subsection and a local isoperimetric inequality to be established. 
We begin with another local estimate. 
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Lemma 3.12. Let U' C U C M 2 oe bounded open sets with a smooth boundary such 
that U' C 17, and /ei ((f,ip) £ C 2 (U, M? n ) be a local holomorphic supercurve of regularity 

class C 2 . Then there is a constant C > 0, depending on ^ and 

(7>ui no£ on ip) such that the following estimate holds. 

2 



J 



i7,l,oo 



< (7 



+ 



\M' 



Proof. By Holder's inequality, we get the following inequality. 



V 



Dip 



< 



D 



U'A 



2 

U'A 



Further, using the Lebesgue and Sobolev embeddings (|T0|) and (jTTjh we yield constants 
ci,C2 > 0, depending only on the geometry, such that 



Dip 



< ci 
<c 2 
= c 2 



77 



77 



U\ 1,2 



C7M,| 



2 

17' 1,2 





2 






77 


+ 




H 











+ 



We estimate 

2 



D 



\D(<p) ■ < H^%)llLo l^l 2 < H^%)llLo \M 2 =■ C3 ■ \d<pf 



and 



< 11^)11^,1,00 (l^l+Kv 



72.J2 



and analogous for 
that 



d t D 



, providing a constant C4 > 0, depending on ||i7((/?)||j /1 QO , such 



By the estimates for 

|2 



D 



dD 



and 



•2,j2 



< C4 ( \d<p\ + \d (p 



dD 



thus obtained, it remains to show that the 

2 



integral over \d 2 <p\ is bounded above by (a constant multiple of) j'jj\d(p\ . We set 
v := d s (p and differentiate the (local) definition (|7|) for holomorphic curves, to obtain 

d s v + Jd t v + (d s J)Jv = 
By this equation, the hypotheses of Lem. 13.51 are satisfied with J and u replaced by J 



and v, respective 



depending on 



J 



y, and p = 2. By the resulting inequality, we yield a constant C5 > 
such that the following estimate holds. 



[7,1,00 
2 



/ \d s d s cp\ 2 < \\vWlj, ! 2 < c 5 

JU' 



<C 5 



(d s J)J 



d s v + Jd t v 
2 



[7,2 



+ V 



[7,2 



[7, 00 



+ 1 



\d<p\ -■ c 6 • / |d<p| 



u 



u 



Moreover, we obtain analogous estimates for d s d s (p replaced with d s dt(f = dtd s (p and 
dtdtf, respectively. This shows J v , \d 2 (p\ < Acq Jjj \d(p\ 2 and thus finishes the proof. □ 
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We prove a (local) isoperimetric inequality for holomorphic supercurves next. In 
order to state the result, we need the following yoga. 



l 2nx2n be a matrix such that Jq 



-id. We 

2n 



Remark 3.13. In general, let Jq G 

may assume without loss of generality that the (constant) scalar product (•, •) on M 2n is 
Hermitian (i.e. satisfies {Jqv, Jqw) = (v, w) for all v,w G M. 2n ) for, if not, replace (-, •) 
by the average (v, w) := \ ((v, w) + (Jov, Jqw}). On the other hand, any Jo-Hermitian 
scalar product (•, •) induces a symplectic form ujq on M 2n by prescribing ujq (v, w) : = 
(v, Jqw) such that Jq is ujQ-compatible. 

Lemma 3.14 (Local Isoperimetric Inequality). Let G U C R 2 be a bounded open 
set, I > 2, and (ip,ip) G C l+1 (U \ {0},IR 2n ) be a local holomorphic supercurve such that 
E loc (tf, tp, U) < oo and ip extends over to a map ip G C l+1 (U,R 2n ). Letuo denote the 
symplectic form on M 2n induced by Jq := J(0) as in Rem. \3.13[ Then there is a constant 
ro > 0, depending on if), and a constant c > 0, depending on rQ, such that Bs ro C U 
and, for all r < ro, 



B r 



ip*u} < c ■ i(-f r y 



2n \ 2 

\ir(0)\de 







holds, where 7 r : S 1 — > X denotes the loop y r (6) '■= ip(re ). 

Proof. By assumption, the hypotheses of Cor. 13.111 are satisfied, which yields constants 
ro > and C > (the latter depending on ip) such that, for r < rp 



dtp(re 



<c + 



s 



7rr z 



B 2r 



holds and, therefore, we obtain the estimates 

,2 2 



\1r{0)Y 



dip (re") 



< Cr 2 + 



7T 



B 2 r 



and 



Kir 



/ dfl|7 r (e)|J </ d0\i r {9)\ 2 < 2vrCr 2 + 16 / 



Since the local super energy as well as the constant C are, by hypothesis, bounded, the 
last inequality implies that l(^ r ) goes to zero as r — > 0. 

Now let ip p := ip~ : B p — > X denote any continuous extension of 7 p . Then Stokes' 
theorem implies that, for every < p < r < rQ, the following identity holds. 



(17) 



/ lfj*U} + / 1p*UjQ = / 

J B r \Bp J Bp J B r 



i)* r LOQ 



By the classical isoperimetric inequality (e.g. stated as Lem. 4.4.3 in [2]), there is a 
constant c > such that f B t/j*ujQ < c • l(^ p ) 2 holds, which goes to zero as p — > 0. 
Therefore, taking the limit p — > in (|17|) . we obtain 



i)*UQ 



B r 



ip*UQ < c ■ i(j r y 



using the isoperimetric inequality again. 



□ 
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Proposition 3.15. Let G U C M. 2 be a bounded open set, I > 2, and (ip,ip) G 
C l+1 (U\{0},M. 2n ) be a local holomorphic supercurve such that E loc (ip, ip, U) < oo and ip 
extends over to a map ip G C m (i7, M 2n ). T/ten t/iere are constants ro > 0, < B < oo 
and < i/ < 1, depending on (<p, ip) and the geometry, such that B^ ro C U and, for all 
r < ro and G [0, 2tt), the following estimate holds. 

I#M)I 2 <-S^ 

Proof. Let wo denote the symplectic form on M 2n induced by Jo := J(0) as in Rem. 
Km Then 

" = \d s ip + j d t ip\ 2 -2(d s ip, jm) 



Dip + (J — Jo)d t ip -2(ip*cj )(d s ,d t ) 



< 2 



Dip 



+ 2 



J -Jo 



2(ip*uj )(d s ,d t ) 



To make further estimates, let ro > be the constant of Lem. 13.141 whose hypotheses 
are, by assumption, satisfied, and let r < ro. By Taylor's theorem, there is £ G B ro C U 
such that J(re %e ) — Jq = d^J[re ] and, therefore, 



J- Jo 



re 



re 



i9] 



< 



d^J 



r 2 < 



J 



U,l,oa 



We define 



p f pr p27T 

:= / \d V \ 2 , ^(r):= / \diP\ 2 = dp p , 

JB r JB r JO JO 



and e{r) := e ¥ '(2r) + e^(r). Then, using the estimates for 



r/0 



and 



J - Jo 



just 



established and Lem. 13.121 applied with U' = B r and ?7 = B 2r , we yield a constant 
C > 0, depending on 99 and the geometry but not on ip, such that the following estimate 
holds. 



e(r) = e^(2r) + / 



< e^(2r) + 2 

< e^(2r) + 2C 



Dip 



+ 2 



+ 



\J-Jo 



13 1 



(ip*oj )(d s ,d t 



B r 



13 r 



I \dtp\ 2 + 2Cr 2 f \diP\ 2 -2f 



(ip*aj ){d s ,d t ) 



Since, by assumption, the local super energy is bounded, there is a further constant 
C2 > such that 



e(r) < C 2 -e v {2r) + C 2 r 2 -e^(r) 



13 r 



(ip*uj )(d s ,d t ) 



By Lem. 13.141 the following estimate holds with a constant c > depending on ro- 

„2 



cr 



B, 



1p*UJ < C ■ l(j r ) = — 



2tt > 2 

\dip{r,9)\d9 







2 77 



< cr 2 / d9 \dip{r, d)\ 2 = cr ■ e^(r) 
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A similar consideration yields a constant c 2 > such that e v (r) < c 2 r ■ e^(r) (cf. the 
proof of Thm. 4.1.2 in p3] for details). Since e v > and > 0, we thus obtain 

e(r) < C 2 • e^(2r) + C 2 r 2 • e^(r) + 2cr ■ i^(r) < 2c 2 C 2 r • e(r) + C 2 r 2 • e(r) + 2cr • e(r) 

Shrinking ro if necessary, we may assume that C 2 r 2 < §. Then 

e(r) < 2(2c 2 C 2 + 2c)r • e(r) =: 2br • e(r) 

follows for r sufficiently small. Therefore, we obtain 

i(r) 1 _ 2i/ 
e(r) ~~ 2for r 

with v := j£ which satisfies, without loss of generality, v < 1 (for, otherwise, replace b 
by a larger number). Integrating the inequality from r to r±, this implies 

/ri\ 2l/ < g(n) 
v r / ~~ e{r) 

and hence, setting C3 := rj~ 2l/ e(ri), we yield e^(r) < e(r) < C3r 2i/ . For r sufficiently 
small, Cor. 13.111 then provides a constant C3 > such that 

O f <C 3 + ^(2r) < C 3 + < -JL 

for suitable constants A, B > which are independent of r and 9. □ 

Lemma 3.16. Lei G J7 C R 2 be an open set, v £ C X (U \ {0},M 2n ) and r > 0, 
0<-B<oo,0<i^<16e constants such that B ro C U and, for all < r < ro and 
# S [0, 27r), the following estimate holds. 

I^M)I 2 <^ 

T/ien z; extends continuously over and, moreover, v G VF 1,p (-B ro ,IR 2n ). 

Proof By a standard argument involving Morrey's inequality (|12fl . w is uniformly Holder 
continuous on the punctured disc. Since M 2n is complete, this shows that v extends 
continuously over zero. Finally, the weak first derivatives of v exist on B rQ and agree 
with the strong first derivatives on B ro \ {0}. □ 

Proof of Thm. \3.1l The removable singularity theorem for the underlying holomorphic 
curve is a classical result (cf. Thm. 4.1.2 in [14]). and thus we may assume that cp extends 
smoothly over 0. It remains to show the statement for the section ip. Consider any local 
holomorphic coordinates such that p is mapped to 6 R 2 and (ip, ip) is identified with a 
local holomorphic supercurve. By Lem. I3.7( it has finite local super energy. Therefore, 
the hypotheses of Prp. I3.15l are satisfied and, using the resulting estimate, we may apply 
Lem. I3.16| by which ip extends over to a map of class W 1,p . By elliptic regularity 
(Prp. 3.7 in [H]), it follows that this extension is smooth. □ 
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4 Bubbling 



In this section, we study the bubbling phenomenon for sequences of holomorphic super- 
curves with domain £ = S 2 and holomorphic line bundles L_2 = T*S 2 and L_i = S + , 
whose super energy is uniformly bounded above. (X, u) continues to be a compact sym- 
plectic manifold, and we let A := A{GL(X)) and J := J{X,ui) denote the respective 
spaces of connections and w-tame almost complex structures on X. Moreover, we fix 
(A, J) G A x J . For the cases d = degLj < of interest, we recall Rem. 2.3 of [TT] : 

Lemma 4.1. Let (tp,ip) '■ (S,L) —> X be a holomorphic supercurve such that ip is 
constant. Then, in the cases deg L < 0, tp = vanishes identically. 

By our first result, Prp. 14.31 which follows from the first mean value inequality in 
the last section and a compactness result for holomorphic supercurves with bounded 
L p -norms for p > 2 from |11| . the emergence of bubbling points is solely determined 
by the underlying sequence of holomorphic curves. We may thus follow the classical 
treatment of bubbling, with one major exception: For the proof of Gromov compactness 
in the next section, we need the super energy, not just the classical energy, concentrated 
in a bubbling point to coincide with the super energy of the corresponding bubble. The 
proof, concerning the sectional part of the super energy in the case L = L_i, is provided 
by Prp. 14.91 below. Our results are largely based on conformal invariance of the super 
energy. Throughout this chapter, we let G denote the group of Mobius transformations 
and, with the notation from the previous section, we abbreviate ipom := ip = <1>~ oipom 
for m G G. 

Proposition 4.2 (Compactness, Prp. 3.8 in |11|). Let (A, J) be a connection and 
an almost complex structure on X, both of regularity class C l+1 , and let (A U ,J U ) be 
a sequence of such objects that converges to (A, J) in the C l+1 -topology. Let j u be a 
sequence of complex structures on S converging to j in the C°° -topology, and let U u C £ 
be an increasing sequence of open sets whose union is S. Let (ip p ,ip v ) be a sequence of 
(A u , J v ) -holomorphic supercurves 

ip v G W 1 *{U V ,X) , ip v G W 1,P (U V ,L 8) ju {ip v )*TX) 

such that p > 2 and assume that, for every compact set Q C £, there exists a compact 
set K C X and a constant c > such that 

\w\\ Qj ,<c, ip u (Q)^K, \m\ Q , P <c 

for v sufficiently large. Then there exists a subsequence of ((p u , ip v ), which converges in 
the C l -topology on every compact subset o/E. 

Proposition 4.3. Let (A U ,J U ) G A x J be a sequence that converges to (A, J) in 
the C 00 -topology and [}p v \ip u ) ■ (U,Ld) —> X be a sequence of {A v ', J v ) -holomorphic 
supercurves on an open subset U C S 2 . Moreover, assume that the sequence (p u converges 
to a holomorphic curve if : U — )■ X in the C°° -topology on a compact subset K C U, 
and that the energy of ip u has a uniform upper bound: 

sup < oo 

v 
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Then, in the cases d = —2 and d = — 1, the sup norm of ' ifj u is uniformly bounded on K: 

SUP | \V\ \ K ,oo < 00 
v 

In particular, there is a subsequence, also labelled u, such that ip u converges in the C°°- 
topology on K. 

Proof. For z G K, we choose a sufficiently small positive integer r z such that (p u (B2r z (z)) 
is contained, for large v, in a coordinate chart of X; is then trivial on £?2r 2 ( z ) ■ Since K 
is compact, there are finitely many Zi G K such that the balls B ri (zi) with := r Zi cover 
i^T. Restricted to B>2 ri (zi), we may identify ((p u , if) v ) with a local holomorphic supercurve 
and, moreover, identify the bundle norm on (ip u )*TX with the standard norm 

on M. 2n by Lem. 13 . 3|. with constants that depend on the trivialisations and J u and, by 
convergence of J u , may hence be uniformly estimated. By the resulting inequality 

IKIIjc,oo < c £ i ll^ll*nB Pj (*),oa 

it suffices to show that the (M 2n )-sup norm of ip" on K n B Ti [zi) is uniformly bounded 
for every z. 

Since, by assumption, the super energy of {ip v ' is uniformly bounded above and 
the sequences (p v and (A V ,J U ) are convergent, there is a uniform upper bound for the 
local super energy by Lem. 13.71 In particular, we may assume that J B ^ , n \ip u \ 2 < jq 
holds for all i and v, for otherwise replace ip u by A ■ ip u where A is a sufficiently small 
constant. The hypotheses of the mean value inequality in Lem. 13.91 are then satisfied 
with and r replaced by z G B n (zi) and r,, respectively, and we obtain a constant a", 
depending on ip v and (A u , J u ) such that the following estimate holds. 

8 nrfJ Br . {z) 8 2rf 

There is a uniform upper bound for a v , again by the convergence of the sequences ip v 
and (A v ', J 1 ') and, as a consequence, is uniformly bounded for every z G B r .(z{), 

which was to show. 

The last part of the statement is then an immediate consequence of Prp. 14.21 □ 

The next lemma will be useful in Sec. 15.21 Note that, despite most results in this 
chapter, it does not depend on the degree of L. Moreover, there is no need to pass to a 
subsequence here. 

Lemma 4.4. Let (A u , J v ) G ^ x J be a sequence that converges to (A, J) in the C°°- 
topology. Let Q C C be an open set and {ip v ,ip v ) : (0,1^) — > X be a sequence of 
(A u , J v ) -holomorphic supercurves. Moreover, suppose that (ip u ,tp u ) converges uniformly 
(i.e. in the C°-toplogy) to a continuous pair (<p,if>) '■ (Cl,L,j) — > X. Then ((p,tp) is an 
(A, J) -holomorphic supercurve, and ((p u ,ip u ) converges to (<f,ip) in the C°° -topology on 
every compact subset ofQ. 

Proof. The statement for ip v is the content of |14j . Lem. 4.6.6, which follows as a 
consequence of elliptic bootstrapping and a conformal rescaling argument. 

By hypothesis, we have sup^ ||V^llc/oo < 00 > an< ^ we use * ne compactness result from 
Prp. 14.21 If the statement does not hold, then there is a subsequence Uj, an integer I 
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and 5 > such that d c t (ifj Uj , ip) > 5 for all j. On the other hand, there is a further 
subsequence, also denoted Uj, such that ip u i converges to ip in the C z -topology, which is 
a contradiction. □ 

Theorem 4.5 (Convergence Modulo Bubbling). Let {A U ,J U ) £ Ax J be a sequence 
that converges to (A, J) in the C°° -topology and (ip u ,tp u ) : (S 2 ,Ld) —> X be a sequence 
of {A v , J v ) -holomorphic supercurves such that 

sup E(tp u ,ip u ) < oo 

v 

Then, in the cases d = —2 and d = —1, there exist a subsequence (still denoted 
{ip v ,ip I/ )) > an (A, J) -holomorphic supercurve (<£>,?/>) : (S 2 ,Ld) — > X and a finite set 
Z = {z\, . . . , z{\ CS such that the following holds. 

(i) (ip u ,ip u ) converges to (ip,ip) ^ n C°° -topology on all compact subsets of S 2 \ Z. 

(ii) For every j and every e > such that B e (zj) n Z = {zj}, the limits 

mtizj) := Urn E(ip v ,B e { Zj )) , mt( Zj ) := Urn E(if>", B £ ( Zj )) 

exist and are continuous functions of e, and 

m?(zA := lim mf( Zj ) > H , rn^izA := lim mf(zj) > 

where H > denotes the minimal classical energy for nonconstant J -holomorphic 
spheres. 

(Hi) For every compact subset K C S 2 with Z C int(i^), 

E(<p,K) + T l . w?{zj) = lim E(p\K) 

*■ — '3=1 v-^oo 

ENj,K)+Y^ 1 m*(Zj) = lim E{ip u ,K) 

Proof. By an inductive argument over singular points Zj G S 2 , one constructs a finite 
set Z such that (a subsequence of) (p u converges in C^ c to a holomorphic curve (p on 
compact sets K C S 2 \Z. This is detailed in the proof of Thm. 4.6.1 in [TJ]. By Prp. 14.3} 
there is a (further) subsequence such that also ^ v converges in the C°°-topology on K to 
a map ip : S 2 \ Z -> X, such that (99, ip) is a holomorphic supercurve. By the removable 
singularity Theorem 13.11 (<p,ip) extends to a holomorphic supercurve (S 2 ,Lcl) —> X. 
This concludes the proof of (i). The proofs of (ii) and (iii) are almost verbatim to the 
corresponding steps in the proof of Thm. 4.6.1 in [T3]. □ 

4.1 Conservation of Super Energy 

Having established convergence modulo bubbling, we examine in the remainder of this 
section the actual bubbling off of holomorphic superspheres. In particular, we show that 
the rescaling sequences can be chosen so that there is no loss of super energy or, to be 
more precise, that the super energy concentrated in a bubbling point coincides with the 
energy of the corresponding bubble, cf. identities (iii) and (v) in Prp. 14.61 and Prp. 14.91 
below. Our treatment resembles the analysis of the classical bubbling as described in 
Chp. 4 of [14] . using in addition a variant of an estimate from [5] in a quite intricate 
context. 
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Proposition 4.6. Let (A U ,J U ) G A x J be a sequence that converges to (A, J) in the 
C°° -topology. Fix a point zq G C and a number r > 0. £e£ {<p u ,ip u ) : (B r (zo) , Lj) — > X 
be a sequence of {A v ', J v )-holomorphic supercurves and (tp,ifi) : (B r (zo), La) X be an 
(A, J)-holomorphic supercurve such that the following holds. 

(a) ((p u ,ip u ) converges to (if, ip) in the C°° -topology on every compact subset of B t (zq)\ 

!--o}. 

T/ie Zimii := lim £ _ 5> o li m ^-s>oo E(ip v , B e (zq)) exists and is positive, 
(c) The limit uiq := lim £ _>.o nm i/-s>oo Ei(i\) v , B £ (zq)) exists. 

Then, in the cases d = —2 and d = —1, there exist a subsequence, still denoted by 
(i£ u ,ip u ), a sequence of Mobius transformations m u G G, an (A, J)-holomorphic super- 
curve (y?,V') : (S 2 ,Ld) — > X, and finitely many distinct points z\,... ,zi,Zoo G S 2 such 
that the following holds. 

(i) m v converges to zq in the C°° -topology on every compact subset of S 2 \ {^oo}- 

(ii) The sequence {(p v := ip u om u ,^ u := ^"om") converges to (<p,ip) in the C°° -topology 
on every compact subset of S 2 \ {zi, ... ,zi, -Zoo}; and the limits 

:= lim lim E((p u , B F (zj)) 
3 e->o^->oo vr J " 

rrif := lim lim E0ib u , BJzA) 

exist for j = 1, . . . ,1 and, moreover, mf- > is positive. 

(m) E^,S 2 ) + ZU m l = m o- 

(iv) If (p is constant then I > 2 and ip = 0. 

Proof. The extension of the proof of Prp. 4.7.1 in |14j to the present situation is straight- 
forward. We summarise the most important steps. First we may, without loss of gen- 
erality, assume that zq = and that each function z i— > \dip v \ assumes its maximum at 
z = 0. Step 2 of the original proof then yields a sequence 5 V > converging to zero such 
that m u := 5 U - satisfies (i) with z^ := oo. The super energy of the sequence 

: (B r/s „,L d ) X , := ■ z) , V{z) := • z) 

is bounded since that of the original sequence {ip v , r ip v ) is. Therefore, the hypotheses of 
Thm. 14.51 are satisfied, providing a subsequence of {(p y , i\) v ) such that (ii) holds for some 
finite set Z = {z\, . . . , z/, ^oo} ^ S 2 . The proof of (iii) is based on the following identity. 

(18) lim lim E(^ v ,B m .) = mt 

Finally, the second part of (iv) is implied by Lem. 14.11 □ 

By the next proposition, proved as the first part of Prp. 4.7.2 in [14J, the classical 
bubbles connect. 
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Proposition 4.7. Let J u G J , zq G C and p,<p v ■ B t (zq) —> X be as in the hypotheses 
of Prp. \4-6\ and suppose that G G, <p : S 2 — )■ X and z%, ■ ■ ■ , zi, G S 2 satisfy the 
assertions (i)-(iii) of Prp. \4-6[ Then <p(zo) = <p(zoo) holds. 
Moreover, for every n > 0, there exist constants 7 > and vq G N such that 

d S 2 (z, z Q ) + d S 2 {(m u y 1 (z), Zoo) < 7 => d 9/ (^(^), y(^o)) < « 

/or every integer v > i/q and every z £ S 2 . 

Note that we do not claim an analogous statement for holomorphic supercurves as 
a whole. On the other hand, the energy identity (iii) in Prp. 14.61 does have a natural 
generalisation to the super energy as shown next. We need the following lemma, which 
provides a back door for the case that the VF 1,00 -norm of J cannot be estimated. We 
denote by Jo a fixed complex structure on M 2ri , e.g. the standard one. 

Lemma 4.8. Let U' C U C C and V C R 2n be open sets such that U' C U and 
1 < p < 00. Then, for every constant cq > 0, there is a constant c > suc/i that the 



following holds. Assume J G W l >°°(V, R 2nx2n ) satisfies J 2 
and consider the map 



-id and \ \J\ 



VA.oo 



< c 



V -> R 2nx2 " , x 1 — ^ 



which satisfies <p x o J x = J o <p x and is bijective if J x is sufficiently close to Jq. Then, 
for every u G W^(U,M. 2n ) and tp G C 1 (C/, V), the following estimate holds, abbreviating 
J := J o tp. 



\\(4>oip) -u\\ ullp < c \\\d<p\ \u\\\ UfitP + 



d s u + Jdtu 



U,0,p 



+ u 



U,0,p 



Proof. The hypotheses of Lem. 13.51 are satisfied for Jo, and the resulting inequality can 
be further estimated as follows. 



11(0° <p) ■ u\\w,i,p 

<c(\\(d s + J d t )(((f)otp)-u)\\ Ufi>p + 1 1 ((f) O <p) 

' u \\u,Q,p 



(d s + J d t )((j)op) ■ u + ((f) o p) ■ (d s + Jd t )u + \ \((p o ip) ■ u \ \ uo 

U,0,p ' ' v 



<c\\(f)\\ VXoQ \\\(\d s p\ + \dM)-\u\\\ UAp + 



d s u + Jdtu 



U,0,p 



+ u 



U,0,P 



< c 2 ( \\\dp\ \u\\\ Ui0>p + 



d s u + Jdtu 



U,0,p 



+ u 



U,0,p 



where C2 := c||(/)||y 1 ^ depends only on cq (and Jq 



□ 



Proposition 4.9. In the situation of Prp. \4-6[ let d = —1. Then, additionally, the 
energy identity 

(v) E(^,S 2 ) + ZU m t = m t 



holds true. 
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Proof. We continue the proof of Prp. 14.61 with the same notations. 

Step 1: Let A(r, R) := Br \ B r denote the (open) annulus with radii < r < R. We 
prove the identity 



lim lim / |t/^| 4 C1V0I92 =0 



Let < x u ' £ < 1 be a cutoff function such that 

x u,e G (joo f A f ^-,2e J J with compact support , x" ,£ = 1 m A (~~ ,£ 

\d X u > £ \<j in A(e,2e), \d X ^\<^ in a(^,^ 

for some constant C > (independent of v and e). For an explicit construction of such 
a function x u,£ ■, consult Sec. 2.18 in [T]. We abbreviate 

A (£,.), ^:=^(|,2 E 

Choose k > sufficiently small such that i? K (</?(0)) C X is contained in a coordinate 
chart of X. We aim at applying Lem. 14.81 with V, Jo and J replaced by B K (ip(Q)), 
J(<p(0)) and J u , respectively. Upon making k smaller if necessary we may assume, by 
convergence of J", that J v {p) is sufficiently close to J(y?(0)) such that 4> v v (as defined in 
Lem. 14. 8p is bijective for all p E 5 K (y?(0)) and for large za Let 7 > be the resulting 
constant from the second part of Prp. 14.71 depending on k. By definition, points z E A^ £ 
satisfy z < 2e and i < (5 u )~ 1 z. Therefore, there is a (sufficiently small) constant Eq > 
such that, for all e < £0 an d for all z E -A^j we 

d 52 (z, 0) + d 5 2 {(S u r\z), 00) < 7 

By Prp. S3 it then follows that </j"(z) E 5 K ((/?(0)) for all z E A£ ,e , provided that 
e < Eo and z/ is sufficiently large, what we shall assume in the following. By construction 
of k, the bundle L^® j» ((p u )*TX, restricted to A^ £ , is thus trivial and, by Lem. 13.31 the 
bundle norm (induced by the Hermitian metric from ([5])) is equivalent to the standard 
norm on M 2n . Moreover, the constants by which these two norms are estimated against 
each other depend only on and thus have a uniform upper bound. Restricted to 
A 2 ' £ , we shall therefore, in the following, blur the distinction between the bundle norm 
and the standard norm on M? n . 

We estimate 

WWa^M < \ \x"' £ V\\b 2 , (o),oa 



< 



W0)),0,oo \W ° ■ 1 1^(03,0,4 

^^{Mo^.x^rWB^m,! 

where, for the last inequality, we used boundedness of the norm involving (j) u (by con- 
vergence of J u ) as well as the Sobolev embedding (j lip with k = 1 and p = 4. By Lem. 
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14.81 with input data as above as well as U' := B2 £o (0) and U := 2?3 eo (0), we further 
obtain 



IU*> e ,0,4 

<cJ\\\d<p»\\x u > £ r\ 



(d s + rd t ){ x u ' £ V) 



B 3so ,0,- 



+ \\x u ' £ r i 



c 2 \\\d^\ \x u > £ r\\\ A r,oA + & + J v dt)(x v > £ V) 



A£' e A§ " A ^ ' U 2 '°'3 



< c 2 \\<w\\m ,0,2 iix^iu-,0,4 + + wwr) 



AT, .0,| 



U"' £ ,0,4 



Here, the equality is due to x y,e = outside A^' 5 , and the last estimate is Holder's 
inequality in the form ([9]). In particular, the constants C\ and C2 are independent of u 
and e. 

We must show that every summand in the previous estimate vanishes in the limit. 
For the third term, this is clear for, by definition, E(ip u ,B r ) = \ \ip u \\ B 04 is uniformly 
bounded and | |x^' £ | I A ^ e 2 — 1 1 M \b 2s 2 § oes t° zero as e — > 0. As for the first summand, 
the second factor Hx^V^IUj' 6 04 ' s uniformly bounded whereas, by (fT8|) . the first factor 

lim lim I \dip u \ I n o = lim lim 1 1 do? 17 1 1 ?? — hm lim HcL^Nr 

= lim lim \\<W\\% 2 - lim lim ||d</||| 2 = 

vanishes in the limit. 

Hence, it remains to consider the second term in the previous estimate. By ([8|) there 
are D u , depending on dip u and (A u , J u ), such that 



(d s + rd t )( x v ' e r 



ATM 



x ^((d s + rd t w) + (dx u ' £ W 
x v ' e D v r + (dx u ' £ W 

< c 4 \\\d<p»\ \r\\\ A r ± + IK^'^IL^o 4 

< C 5 \\d<p»\\ ArA2 IKIL-0,4 + ll^'^IL"" i 



with 9 := d s + idt using that, by definition, J u acts on ip u via i. The first term in the 
last estimate is already known to vanish in the limit, and we estimate the second one as 
follows. 



= \\^w\\ A ^ )M + \\^r\\ Me ^ )J0 , 



< \\dx^ £ \ 
= \\dx u > £ \\ 
=:I + II 



A ^), , 2 W\\ A ^) AA + W 



A(^^),0,2 



A(^,i),0,4 



A(e,2e),0,2 1 
+ II^X I/ ' £ |U( £ ,2e)A2ll^ 



IU(e,2e),0,4 
U(e,2e),0,4 



23 



For the last equation, we used <9x v,e 



\dsX u ' e \ 2 + \dtX v ' e ? 



\dx v,£ \ as well as 

conformal invariance © of the energy of tjj v which, for the case d = —1 considered, 
coincides with the L 4 -norm. 

To proceed further, we use the estimates for the first derivative of x u ' £ i which form 
part of its defining properties summarised above, to obtain that I vanishes in the limit 
by the estimates 



lim lim I < lim lim 



< C 7 lim 



for some constants C§,Ci > and, similarly, 

lim lim II < Cg lim lim [ / — ] 

e^Ou^oo £ ->0 v-yoo \ J A(£ 2£) e l ) 



U( £ ,2e),4 ^ ^J 5 ^ 



A{e,2e)A 



for constants Cg, Cg > 0. This concludes the proof of Step 1. 

Step 2: We prove (v). 
Using Step 1, we calculate 



lim lim / \ijj u \ dvolg2 
R-+00 v->oc J B 



lim lim 

e— >0 v— >oc 



|^| 4 dvol 5 2 



B 6 



lim lim / l^l 4 dvolc-2 — lim lim / I "0^1 4 dvolo2 



lim lim 

e— >0 >oo 



\ip u \ 4 dvol^ 



B e 



By Step 4 in the proof of Prp. 4.7.1 in [J3], all bubbling points zi,...,Zi of the sequence 
(fi u , ip") may be assumed to lie in B\. We fix a number s > 1. Then, by the identity just 
established and conformal invariance ([6]) of the super energy, the following calculation 
is valid. 



lim lim E(ip u , Brs") 
lim lim E(ip u ,B R ) 

lim lim E$" , B R \ B s ) + lim E(^ U ,B S 

R— >oo v—too V— ¥oo 

lim E$, B R \ B s ) + lim E$", B s ) 

R-^-oo v— >oo 



= E$, S 2 \ B s ) + lim lim E tp u ,B s \\\, B £ 

= E(i>,S 2 )+J2 l . A 
This completes the proof. 



m- 



□ 
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5 Gromov Compactness 



In this section, we prove Gromov compactness for sequences of holomorphic supercurves 
with domain S 2 and holomorphic line bundle L = L_i = S + , provided that the super 
energy is uniformly bounded. In other words, we show that every such sequence has a 
subsequence that converges in a sense to be made precise. As in the previous section, 
let (X,lj) be a compact symplectic manifold and let A := A(GL(X)) and J := J{X,uj) 
denote the respective spaces of connections and w-tame almost complex structures on 
X. Moreover, we fix (A, J) £ Ax J. 

By the results of Sec. HI convergence cannot be understood without taking into 
account the bubbling off of holomorphic superspheres. This results in a tree of holo- 
morphic supercurves with compatibility conditions for the edges as the limiting object. 
The precise notion is that of a stable (holomorphic) supercurve, to be introduced first. 
Moreover, we show Gromov compactness for sequences of such stable supercurves and 
finally introduce a compact and metrisable topology on the moduli spaces of equiva- 
lence classes with respect to which convergence is equivalent to Gromov convergence. 
Throughout, we prove the results for supercurves endowed with marked points, which 
might be useful for defining geometric invariants in subsequent work. 

The technical difficulties occurring here have, for the most part, already been solved 
in the previous sections, most notably by the removable singularity Theorem 13.11 and 
the super energy identity in Prp. 14.91 With these issues settled, the following treatment 
is, to a large extent, parallel to classical Gromov compactness for holomorphic curves 
as covered e.g. in Chp. 5 of |14j . We will thus often refer the reader to the arguments 
provided there and prove only the sectional parts of our statements, unless it is more 
instructive to establish the results a whole. While the full theory is obtained only for 
L = L—x = S + , we yield partial results also for the case L = L_2 = K, 

We recall some preliminaries on trees first, consult App. D in |14] for a thorough 
treatment. A tree is a connected graph without cycles, and as such consists of a finite 
set T and a relation E C T x T such that any two vertices (= elements) a, (3 £ T are 
connected by an edge if and only if aE/3. The vertices a±, . . . , a at of any tree (T, E) can 
be ordered such that the restriction to the subset T, := {a%, . . . ,Qj} is a tree for every 
i. Moreover, for every i > 2 there is a unique index j$ < i such that aj i Eai. A tree 
(T,E) with N vertices can, therefore, be identified with an integer vector (j2, . . . ,Jn) 
such that 1 < ji < i for every i. Removing the edge connecting aEf3 results in two 
subtrees. We denote the one containing /3 by 



where [a, 7] is, by definition, the set of elements of T along the chain of edges connecting 
a and /3. Finally, we need the following notion. An n-labelling A of a tree (T, E) is a 
function A : {1, . . . , n} — > T , i 1— )■ on that attaches labels to vertices of T. 

Definition 5.1 (Stable Supercurve). Let n > be a non-negative integer. A stable 
(A, J)-holomorphic supercurve from (S 2 ,Ld) to X with n marked points, modelled over 
the labelled tree (T, E, A) is a tuple 



T a/3 :={ 7 GT|/3G [a, 7 ]}\{a} 



(((f,1p),z) = ({ip a ,^a}aeT,{ z a0}aEfi, {Oi, Zi}l<i< n ) 
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edges aE{3, and a sequence of n marked points z±, . . . , z n 6 S 2 , such that the following 
conditions are satisfied. 

• Nodal Points: aE(3 implies tp a (z a p) = (pp(z^ a ) We denote the sets of nodal points 
on the a-sphere by Z a := {z a p | aE(3}. 

• Special Points: The points z a p (for aE(3) and Z{ (such that on = a) are pairwise 
distinct. We denote the set of special points on the a-sphere by Y a := Z a U 
{zi | ati = a}. 

• Stability: // (p a is a constant function, then 4^Y a > 3 and ip a = 0. 

Note that, by Lem. 14, 1[ the second part of the stability condition is automatically 
satisfied in the cases d = degL^ < 0. 

For a stable supercurve ((</?, ?/>), z), we denote 

m aP {ip) := E c ~ E M , rn a p(il>) := E cT W7) 

Definition 5.2. Two stable supercurves (((p,tp),z) and ((<p, tp), z), modelled over the 
labelled trees (T, A) and (T,A), respectively, are called equivalent if there exists a tree 
isomorphism f : T — > T and a function T — > G, a \— > m a that assigns to each vertex of 
T a Mobius transformation, such that 

Zf(a)f(l3) = m a (z a ^) , Zi = m ai (zi) 

Definition 5.3. Let E > and (3 G H2(X,7i) be a homology class. We define the 
moduli spaces 

• -M-o,d,n(X; A, J) of stable (A, J)-holomorphic supercurves ((tp, ■«/>), z) from (5 2 ,L^) 
to X with n marked points, 

o,d,n(X,/3,E;A,J) of those which represent f3 in the sense (3 — X^qgtV 9 "* [& 2 ] 
and have bounded super energy E(ip) < E, 

• ^o,d,n(X, f3, E; A, J) of equivalence classes, in the sense of Def. 15-4 of stable 
supercurves in M.Q^,n(X, (3, E; A, J) . 

Remark 5.4. Since equivalence of stable supercurves is defined by means of Mobius 
transformations, the property of representing (3 is obviously invariant and, by conformal 
invariance {6]J of the super energy, the same is true for the condition E{ip) < E. The 
moduli space .Mo,d,n(A, /3, E; A, J) of equivalence classes is hence indeed well-defined. 

For the classical energy, it is well-known that there is a constant E' > (depending 
on (3) such that E((f) < E' holds whenever <p represents (3. Uniform boundedness 
of the super energy E((p) + E(ip) will turn out to be crucial for establishing Gromov 
compactness (cf. Thm. \5. 7| and Thm. \5.12\ below). 

For the next definition and later use, we introduce the following abbreviation that 
we could have used already in the previous section. Let U C S 2 be an open subset. A 
sequence (tp u , ip u ) is said to converge u.c.s. onU to a pair (ip, ip) if it converges to (ip, ip) 
in the C°°-topology on every compact subset of U (if it converges uniformly with all 
derivatives on compact subsets). 
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Definition 5.5 (Gromov Convergence). Let (A U ,J U ) € A x J be a sequence that con- 
verges to (A, J) in the C°° -topology, let 

{{V,^),*) = (Wa,^a}aeT, { z a/3}aEI3, z i}l<i<n) 

be a stable supercurve and let {ip v , ip") : (5 2 ,L^) — » X be a sequence of {A U ,J V )- 
holomorphic supercurves with n distinct marked points z", . . . , z% G S 2 . The sequence 

is said to Gromov converge to (((p,if)),z) if there exists a collection of Mobius transfor- 
mations {m a }a^T such that the following axioms are satisfied. 

• Map: For every a £ T, the sequence 

C) := om v a ,ro O : (S 2 , L d ) -> X 
converges to (if a ,ijj a ) u.c.s. on S 2 \Z a . 

• Energy: If aE/3 then 

m a/3 ((p) = lim lim E(ip v a ,B E {z a p)) 

e— s-0 v— s-oo 

m a B(tp) = lim lim E(ip£, B e (z a p)) 

• Rescaling: If aE/3 then the sequence m u a a := {jn^j o converges to z a p u.c.s. 
on S 2 \ {zp a }. 

• Marked Points: Z{ = lim u -^. 00 (m'^.)~ \z\) for i = 1, . . . ,n. 

Setting ip u := and if) := in Def. 15.51 recovers Gromov convergence for the 
underlying sequence of holomorphic curves. In particular, this implies the following 
proposition, proved as Thm. 5.2.2(h) in |14| . Connected sums are explained in |13j . 

Proposition 5.6. Let (((p u ,ip u ), z u ) be a sequence of holomorphic supercurves with n 
marked points that Gromov converges to the stable supercurve ((<p, tp), z) as in Def. 15.51 
Then, for sufficiently large v, the map (p u : S 2 — > X is homotopic to the connected sum 
#aeT fa- 
Theorem 5.7 (Gromov Compactness). Let {A V ,J U ) € A x J be a sequence that con- 
verges to (A, J) in the C°° -topology. Let (ip u ,tp u ) : (S 2 ,Ld) — > X be a sequence of 
{A v , J v ) -holomorphic supercurves such that the super energy 

sup E{ip u ,ip v ) < oo 

V 

is uniformly bounded, and z v = (z^,...,z^) be a sequence of n-tuples of pairwise dis- 
tinct points in S 2 . Then, in the case d = —1, {(p u ,ip v , z v ) has a Gromov convergent 
subsequence. 

Proof for n = 0. Since, by assumption, the super energy is uniformly bounded, we may 
assume that E(ip v ) and E{ip v ) converge. We denote the limits by 

E v := lim E((p") , E* := lim£(f) 

V V 

As indicated in the beginning of this section, we describe a tree with N vertices by 
an integer vector (j'2, . . . , jjv). Following the proof of Thm. 5.3.1 in [T3] we shall, by 
induction, construct 
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• a tuple x := ((tpi, ■ ■ ■ , (<PNi ^JV");i2 5 • • • On', z%, ■ ■ ■ %n) that consists of (A, J)- 
holomorphic supercurves ((pi,if>i) ■ (S 2 , L^) — > X, positive integers ji < 1 for i > 2, 
and complex numbers Zi S C with \zi\ < 1, 

• finite subsets Zi C Si for i = 1, . . . , N, 

• sequences of Mobius transformations {m\} v ^ for i = 1, . . . , N 
such that a suitable subsequence satisfies the following conditions. 

(i) (ip u o m'(,ip u o rrii) converges to (<pi,ipi) u.c.s on S 2 \ Z\. For % = 2,...,N, 
(ip u o m^,ip l/ o m^) converges to (ifi,ipi) u.c.s. on C \ Zj. Moreover, Z\ C {0} and 
^tv = 0. 

(ii) If is constant then #Zj > 2 and ^ = 0. 
(hi) The limits 

lim lim E(ip v o m^BJz)) 

e— s-0 s-oo 

lim lim E(ip u o m", B £ {z)) 

e— s-0 ^— >oo 

exist for all z £ Zj, and are such that mf > 0, mf > holds. Moreover, if 
Zi = {0} then 

^ = £(^i) + r<(0) , £^ = £(Vi) + mf(0) 
If j > 2 then Zj G Z^ and 

(iv) If j k = j k , then z k / z fc / . 

(v) For i = 2, ... ,N, ip^fe) = <p»(oo). 

(vi) For i = 2, . . . N , (m"^ 1 o converges to ^ u.c.s. on C = 5 2 \ {oo}. 

(vii) For * = 1, . . . AT, Zi = {z k \i < k < N,j k = i}. 

The proof starts by constructing (<pi,i/Ji) to have at most one bubbling point and then 
proceeds by induction, constructing the (ipi,ipi) and Zj so as to satisfy (i)-(vi). When the 
induction is complete (vii) will also be satisfied. This is a straightforward generalisation 
of the proof of Thm. 5.3.1 in [14J . which works as follows. 

In the base case, (p u is rescaled to a sequence of which a subsequence (p' v converges 
u.c.s. on C = S 2 \ {oo}. The construction of the rescaled sequence ip' v is analogous, and 
u.c.s. convergence of a (further) subsequence of {(p' v ,ip' u ) follows with Prp. 14.31 

For the inductive step, let I > 1 and suppose, by induction, that (<Pi,ifii), ji, Zi, Zi 
and {m^} ue fq have been constructed for i < I so as to satisfy (i)-(vi) but not (vii), with 
N replaced by I. We dehne Zj-i := Zj \ {zi \ j < i < I , ji = j} for j < I. Since (vii) 
is not satisfied, there exists j such that Zj.j is non-empty. Let zi+i G Zj.j and apply 
Prp. 14.61 and Prp. 14.91 to the sequence ((p v o mj,^ o m v -) and the point zq := zi + \ 
to yield a subsequence, also denoted v, as well as Mobius transformations m v and a 



mf(z) := 
mf(z) := 
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finite set Z C B\ such that (i)-(iv) as well as (vi) follow from the conclusions of those 
propositions, (v) is established using Prp. 14.71 

It remains to verify that the induction terminates after finitely many steps, x as 
constructed is indeed a stable supercurve, and {ip v ,tp v ) Gromov converges to x. This 
works as in the proof of the classical Gromov compactness theorem. □ 

For the proof of Thm. 15.71 for n > marked points, we need the following two 
lemmas. 

Lemma 5.8. Let (A u , J u ) E A x J be a sequence that converges to (A, J) in the C°°- 
topology, and suppose that the sequence ((tp u , ip"), z\ , ■ ■ ■ , z%) of (A u , J") -holomorphic 
supercurves with marked points Gromov converges to the stable supercurve ((<p, V0> z) G 
-M-0 d n (X; A, J) via the reparametrisation sequences m v a E G. Moreover, let aEj3 be an 
edge and m u G G be a sequence such that 

(a) (m^)" 1 o m u converges to z a p u.c.s. on S 2 \ {wq}. 

(b) (m^) _1 o m v converges to zp a u.c.s. on S 2 \ 

Then ip u o m u converges to <f a {z a p) = <pp(zpa) u.c.s. on S 2 \ {wo,wi} and 

lim E{ip v o m u , B r (wo)) = mR a (<p) , lim E(ip u o m u , B r (u>o)) = ms a (tp) 
lim E{ip v o m u , B r (w\)) = m a R{ip) , lim E(ip u o m u , B r (wi)) = m a R(tp) 

whenever r < d S 2(wo,wi). Moreover, if an G T a p then {m u )~ 1 {z^) converges to w\, and 
if en G Tp a then converges to wq. 

Proof. The statements concerning (p u and z\ are shown in Lem. 5.4.2 of [14j, and thus 
it remains to establish the energy identities concerning -0. Using conformal invariance 
(J6j) of the super energy, the proof is analogous and thus omitted here. □ 

The following lemma, which is proved as Lem. 5.3.3 in [T3], concerns only the 
underlying sequence of holomorphic curves with marked points. We formulate it in 
terms of holomorphic supercurves. 

Lemma 5.9. Suppose that 0), z\, . . . , z?) Gromov converges to a stable supercurve 
((<p,0),z) G M 0td>k (X;A,J) modelled over the tree T via m v a G G. Let Q u G S 2 \ 
{z%,...,z%} be a sequence such that the limits Ca '■= hmj / _ 5 . 00 (m^) _1 (^ 1/ ) exist for all 
a G T. Then precisely one of the following conditions holds. 

(L) There exists a (unique) vertex a G T such that 

(a i Y a ((ip, 0), z) = Z a U {zi I on = a} 

(II) There exists a (unique) index i G {!.,...,&} such that Q ai = z%. 
(Ill) There exists a (unique) edge aEfi in T such that £ a = z a p and £p = zp a . 
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Proof of Thm. \5l\for n > 0. Let ((<p u , ip"), z\, . . . , <) denote a sequence of {A u , J u )- 
holomorphic supercurves, each with n distinct marked points. The strategy is to prove, 
by induction over k, that a subsequence of ({<^ u , ip u ), z\, . . . , z%) Gromov converges to a 
stable super curve 

((</>, lf>), z) = ({(f a , V'ojaGT, {^ap 1 {ai, 2i}l<i<fe) G .Mo,d,fc(^"; -4, 

via Mobius transformations m^. We have already proved that this holds for k = 0. Let 
k > 1 and assume, by induction, that the statement has been established for k — 1. 
Passing to a further subsequence, if necessary, we may assume that the limits z a k := 
lim ;/ (m^) _1 (z^) exist for all vertices a. Hence, we may apply Lem. 15.91 by which 
precisely one of the conditions I, II or III holds. In each case, the proof of Thm. 5.3.1 in 
[TJ] shows that the underlying sequence {ip u , z",. . . , z%) of J^-holomorphic curves with k 
marked points has a Gromov convergent subsequence. The remaining axioms of Gromov 
convergence as in Def. 15.51 concerning the sequence tp u , are then shown similarly, using 
Prp. H3]and Lem. H3J □ 

Theorem 5.10 (Uniqueness of the Limit). Let (A U ,J U ) G A x J be a sequence that 
converges to (A, J) in the C°° -topology, and let {{(p v , ip"), z\ , . . . , z%) be a sequence of 
(A u , J u )-holomorphic supercurves with n distinct marked points that Gromov converges 
to two stable supercurves ((ip,ijj),z) and ((<£>, •0), z). Then (((p,ip),z) and ((<p,ip),z) 
are equivalent ( in the sense of Def. 



Proof. The hypotheses imply, in particular, that the underlying sequence [ip v , z\, . . . , z%) 
of J^-holomorphic spheres with marked points Gromov converges to the two stable maps 
(<p, z) and (£p,z). By Thm. 5.4.1. in |14j . both are equivalent, i.e. there is a tree 
isomorphism / : T — > T and a collection of Mobius transformations {m a } a ^T such that 

0/(a) =<Pa°m a , Zf(a)f(0) = "^Oa/?) , Zi = m~){zi) 

By the proof of that theorem, m a = lim^o^m^) _1 o rh 1 ^,^ holds, where {m^} QG T and 
{'fn y a \ a£ f denote the respective sequences of Mobius transformations from Definition 15.51 
of Gromov convergence. In particular, the limit on the right hand side exists. We thus 
obtain the following identity. 

ipa ° m a = lim ip a o (m^)" 1 o rh u f( ) = lim (ip u o m u a ) o (m^)" 1 o rh u f(a) 

where the limits are understood modulo bubbling. Therefore, the stable supercurves 
((<£>, i/j), z) and ((<p, z) are equivalent as a whole, which was to show. □ 

5.1 Compactness for Stable Supercurves 

Based on the results for sequences of holomorphic supercurves already achieved, we prove 
in this subsection Gromov compactness and uniqueness of limits, up to equivalence, for 
sequences of stable supercurves. For a stable supercurve ((<p, ip),z) modelled over a tree 
T, a vertex a G T and an open set U a G S 2 , we denote 

E a ((p, U a ) ■= E(<p a , U a ) + y\_ , T m a p(<p) 

* — '/36T, aEp, z a GUa 

E a (il>,U a ):=E(il> ai U a ) + ^2 crr m M^) 

* — 'per, aEp, z a ec/ a 
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Definition 5.11 (Gromov Convergence). Let (A U ,J U ) G A x J be a sequence that 
converges to (A, J) in the C°° -topology. A sequence of stable supercurves 

is said to Gromov converge to a stable supercurve 

((tf, z) = ({<p a , 1p a } a€ T, {z a /3}aEl3, fai, £i}l<i<n) 6 -A^0,d,nP^ -4, J) 

i/ ; /or every sufficiently large v , there exists a surjective tree homomorphism f v :T^tT v 
and a collection of Mobius transformations {m^}^|^ such that the following axioms are 
satisfied. 

• Map: For every a G T the sequence 

fa/" (a) ° m a> ° "O : 0^, L d) ~> * 

converges to (<£<*> "0a) u.c.s. on S 2 \Z a . 

• Energy: 7/ i/ien 

m a p{ip) = lira lim E r{a) (ip v ,m u a (B £ {z a p))) 
m aj 3(ij>) = lim lim E f ^ a) (tp u , m^(B £ (z a0 ))) 

• Rescaling: If a, ft £ T such that aEft and Vj is a subsequence such that f" j (a) = 
f Vj (ft) then m^a := (ma)" 1 o converges to z a /3 u.c.s. on S 2 \ {zp a }. 

• Nodal Points: If a, ft G T such that aEft and Uj is a subsequence such that 
f Uj (a) / f Uj (ft) then z a/3 = \\m j ^ 00 {m u dy 1 {z u f i j {a)fVj . 

• Marked Points: a\ = f v {a.j) and Zi = lim^_ i , 00 (m^.)~ 1 (z^) for all i = 1, . . . , n. 

Theorem 5.12 (Gromov Compactness). Let (A V ,J V ) G A x J be a sequence that 
converges to {A, J) in the C°° -topology. Let , tp u ), z v ) G M ,d,n(X; A u , J") be a 
sequence of stable supercurves such that 

supE^") < oo , sup E (if?") < oo 

V V 

Then, in the case d = —1, ((<p u ,ip u ), z u ) has a Gromov convergent subsequence. 

Remark 5.13. The proofs of Thm. \5.12\ and the subsequent results simplify due to 
the following general principle. By the proof of Thm. 5.5.5 in \1J$ there are, up to 
isomorphism, only finitely many n-labelled trees which underlie stable J h ' -holomorphic 
curves with energy bounded by a constant, provided that the sequence J u is convergent. 
This fact is shown by properties of weighted trees. 

Proof of Thm. \5.1S\ Passing to a subsequence we may assume, by Rem. 15.131 that all 
trees T u are isomorphic to a fixed tree T' . Let a' G T' be a vertex and, using the 
notation from Def. 15. 1\ we denote the set of special (i.e. marked and nodal) points 
of the stable supercurve with index v on the a'-sphere by YK. By Thm. 15.71 the 
sequence ((<^'> Y£) of holomorphic supercurves with marked points Y£ has a 
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subsequence which Gromov converges to a stable supercurve ((cp a /,tp a ,), z a >). We choose 
the subsequence such that we have this convergence for every a' G T' . By the (Marked 
Points) axiom of Gromov convergence (Def. I5.5p . any marked point in z a > on the en- 
sphere of (((p a , ,ip a ,), z a /) is then identified with either limit 

Zi = lim (m u a 4 ) -1 «) or z^p = lim (m£J -1 (z£/») 

for a sequence of (original) marked points z\ G 1^ or nodal points z v a ,^, G corre- 
sponding to the edge a'E/3' in T", respectively. 

For a'E/3' in T', we connect the limiting curves {{(p a i,xj) a i),z a >) and ((ip o, , tp n,) , z p) 
by joining the underlying trees with the edge a'E/3' and making the marked points z a ipi 
and z/3' a ' again nodal points. After connecting limiting curves for all a' G T' this way, 
we finally obtain a single stable supercurve ((ip, ■0), z) to which, by construction, (the 
considered subsequence of) (((p u , ij> u ), z v ) Gromov converges in the sense of Def. 15.111 
This proves the theorem. □ 

Our next aim is to show uniqueness, up to equivalence, of the limit of a Gromov 
converging sequence of stable holomorphic supercurves. By Prp. 15.151 to be established 
beforehand, this follows from the uniqueness Thm. 15.101 for sequences of holomorphic 
supercurves. The proof of Prp. 15. 15} in turn, requires the following lemma, which we 
shall also need in Sec. 15.21 below. Motivated by Rem. 15.131 we state it only in the case 
when the tree homomorphisms f u :T—> T u are fixed and equal to / : T — > T' . 

Lemma 5.14 ([H], Lem. 5.5.6). Let T = (T,E,A) and T' = (T',E',A') be n-labelled 
trees and f : T — >• T' be a surjective tree homomorphism. Let { rr ^ x \ u c ^j' be a collection 
of Mobius transformations that satisfy the (Rescaling), (Nodal Points), and (Marked 
Points) axioms in Def. \5.11\ Then the following holds. 

(i) If a, (3 G T are such that a ^ j3 and f{a) = /(/?) then the sequence m u a p := 
{m u a )~ l o converges to z a p u.c.s on S 2 \ {zp a }. 

(ii) If a, (3 G T are such that /(a) ^ /(/?) then z a/3 = hm iy ^ 0O (m^,)~ 1 (^ (a)/(/3) ). 

(Hi) For each a G T and each i G {1, . . . ,n}, z Q i = lim Jy _ ! . 00 (m^) _1 (z^ a ^). 

Let (((f , , z) be a stable supercurve modelled over the labelled tree (T, E, A) and 
let To C T be a subtree. The restriction of ((cp, tp), z) to Tq is then the stable supercurve 
with holomorphic supercurves ((p a ,i^ a ) for a G To, nodal points z a p for a,/3 G To such 
that aE(3, and marked points being the original marked points (aj,2:j) with a, G To 
plus the original nodal points (a, z a p) for a G To and j3 G T \ To such that aEf3. For 
example, the stable supercurve ((</?„/; V'a')) occurring in the proof of Thm. 15.121 is 
the restriction of ((<p u ,if) u ), z u ) to {a'} C T' . We have shown how convergence of the 
individual restrictions add up to convergence of the original sequence. The following 
proposition states the converse, in a sense, which is more involved: Gromov convergence 
implies convergence of the (smallest) restrictions. It is needed in the proof that limits 
are unique (up to equivalence). 

Proposition 5.15. Let (A U ,J U ) G A x J be a sequence that converges to (A, J) in 
the C°° -topology. Let ((ip u ,ij) u ), z u ) G Mo,d, n (X; A u , J u ) be a sequence of stable super- 
curves, modelled over the (constant) labelled tree (T',E',A') } which Gromov converges 
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to the stable supercurve {(<p,ip),z) G M.o,d,n(X; A, J), modelled over (T,E,A), via the 
surjective tree homomorphism f : T — > T'. Then, in the cases d = —2 and d = — 1, 
the sequence ((^Pa'^a')^a') of marked (A u , J u )-holomorphic supercurves Gromov con- 
verges in the sense of Def. 15.51 to the restriction of the stable supercurve (((f,tp),z) to 
the subtree f~ 1 (a') C T. 

Proof. Let To := f~ 1 (a') and denote by ((if ,ip ), zq) the restriction of ((ip,ijj),z) to 
To. We prove that the sequences (((p^,, V^')> ^a/) an< ^ i m a}a£T satisfy all axioms of Def. 
15.51 The (Rescaling) and (Marked Points) axioms follow directly from the (Rescaling), 
(Nodal Points) and (Marked Points) axioms of Def. 15.111 

To establish the (Map) and (Energy) axioms, we closely follow the argument of the 
proof of Prp. 5.5.2 in [T3]. Consider the set Zq q := {z a p | (3 G To, aE/3}. Using Lem. 
15.141 we find 

(19a) m a p(<p) = lim rn a >p>(<p v ) , lim lim E(<ffa o m v a ,B £ (z a p)) = 

(19b) m a/3 (-0) = lim m a ^-(f) , lim lim E{^ v a , o m v a , B e (z a p)) = 

v— >co e— >0 v— >oo 

This shows that the sequence {ip v a , o rn v a ^ v a , o m^) exhibits no bubbling near the point 
z a p for every /3 G T \ Tq such that aE(3 and, hence, converges to (v? a ,^ a ) u.c.s. on 
S 2 \ Zo a for every a G To, thus establishing the (Map) axiom. 

To make the argument precise, "no bubbling" means that the TU 1,00 -norm of (p u a i o 
stays bounded in a neighbourhood of z a p and, by Prp. 14.31 the same is true for the 
T°°-norm of ip^, o m v a . We know, by the (Map) axiom in Def. 15.111 that the sequence 
converges to ((p a ,tp a ) u.c.s. on S 2 \Z a . Assume the analogous statement for S 2 \ Zq 
is false. Then the compactness Prp. 14.21 yields a contradiction, exactly as in the proof 
of Lem. 14.41 Finally, we note that the (Energy) axiom is verified as in the classical 
case. □ 

Theorem 5.16 (Uniqueness of the Limit). Let {A V ,J U ) G A x J be a sequence that 
converges to (A, J) in the C°° -topology. Let (((f u z u ) G M.Q )dn {X; A u , J u ) be a 
sequence of stable supercurves that converges to two stable supercurves ((<£>,?/>), z) and 
((<£>, ?/>), z). Then, in the cases d = —2 and d = —1, (((p,tp),z) and ((<p,tp),z) are 
equivalent. 

Proof. Being based on Prp. I5.15l and Thm. I5.1UI this is a straightforward generalisation 
of the proof of the classical uniqueness theorem concerning the underlying sequence 
{(p",z u ) of stable maps (Thm. 5.5.3 in [H]). □ 

The following result is the analogon of Prp. 15.61 for sequences of stable holomorphic 
supercurves. It is proved as Thm. 5.5.4(h) in 



Proposition 5.17. Let (A V ,J V ) G A x J be a sequence that converges to (A, J) in the 
C 00 '-topology. Let (((p u ,tfi u ), z") G Mo^,n(X; A v , J u ) be a sequence of stable supercurves 
that Gromov converges to a stable supercurve ((<p, ?/>), z) G Mo,d,n(^; A, J). Then, for 
sufficiently large v, the connected sum #a£T vl Pa ^ s homotopic to the connected sum 

Consider a sequence of stable supercurves which Gromov converges to a stable super- 
curve in M.Q ct n {X, (3, E; A, J). By Prp. 15.171 we may assume without loss of generality 
that the sequence itself already lies in M.Q^,n{X, (3, E; A, J). 
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5.2 The Gromov Topology 

Finally, we shall introduce a distance function for stable supercurves as a generalisation 
of the one for stable maps, and a topology on the moduli spaces M.$ d n (X, f3, E; A, J) 
for d = — 2 and d = — 1. By means of that "distance" which, despite its name, is 
not symmetric and does not satisfy the triangle inequality, we show that convergence 
with respect to the Gromov topology thus defined is equivalent to Gromov convergence. 
Moreover, we prove that the moduli spaces are compact and metrisable in the case 
d = -1. Let 

x = (ip, ip, z), x' = (if', <//, z') € M ,d,n(X, (3, E; A, J) 

be two stable supercurves. Fixing a sufficiently small constant e > 0, we define the 
distance between x and x' to be the real number 

(20) p £ (x,x'):= inf inf p £ (x,x'; f,{m a }) 

/:T— >T' {m a } 

where the infimum is taken over all tuples {m a } a& T and all surjective tree homomor- 
phisms / : T — >• T' such that /(aj) = a[ for all i G {1, . . . ,n} (mapping labels of x to 
labels of x'). If no such homomorphism exists, we set p £ (x,x') := oo. We define 

Pe(x,x';f,{m a }) := sup \E a ((p, B £ (z a p)) - E f r a )(cp', m a (B £ (z a p)))\ 

aE/3 

+ sup \E a (ip,B £ (z a/3 )) - E f(a) (ip' ,m a (B £ (z a p)))\ 

aE0 



+ sup sup d ip' f(a) om a , ip a 

«GT S 2 \B E (Z a ) V 

+ sup sup d ( ip' f(a) o m a , ip a ) 

aeTS 2 \B £ (Z a ) V ' 

+ sup sup d \vn~a X o m a , zp a 

<±+fl S 2 \B £ (z a p) V 
/(a)=/C8) 

+ sup dim-^iz'f^f^), zp a ) 
+ sup d(m- l {z' ( , l ), z m 



l<i<n 

Here, we may identify i^'ft^ ma w ith a section of <8>j ip* a TX via the trivialisation 
from Lem. 4.9 in provided that d (p'f^ ° w-o, (fa^J is sufficiently small, and then 

d ° ipaj may be defined by any bundle metric, e.g. the one from ([5]). By the 

properties of holomorphic supercurves such as conformal invariance ([6]) of the energy, 
we immediately yield the following lemma. 

Lemma 5.18. The distance functions x' i— > p £ (x,x') descend to the moduli space 
■Mo,d,n(X, /3, E; A, J) of equivalence classes of stable supercurves: 

x' = y' =^ p £ (x, x') = p e (x, y') and x = x' =^ p £ (x,x') = 

holds, where "=" denotes the equivalence relation stated in Def. \5.°A 
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The functions p e (x,x') characterise Gromov convergence in the following sense. 

Lemma 5.19. Let x = (cp,ip,z) G 7W ,d,n(^) P, E\ A, J) be a stable supercurve. Then, 
in the cases d = —2 and d = —1, there exists a constant eq > such that the following 
holds for < e < eo- A sequence x v = ((p" , ip u , z v ) £ Mq^u{X, ft, E; A, J) Gromov 
converges to x if and only if the sequence of real numbers p £ (x,x u ) converges to zero. 

Proof. Choose e > such that E(ip a , B e (Z a )) < h/2 and B £ (z a p) n B £ (z a7 ) = for all 
a € T and /3 ^ 7, where H > denotes the minimal classical energy for nonconstant 
J-holomorphic spheres. Then 

E a (cp,B £ (z a p)) = E((p a ,B £ (z a p)) + m aj3 (cp) 
E a (ip,B £ (z a p)) = E(ip a , B £ (z a p)) + m af3 (ip) 

holds for all a, j3 6 T such that aE/3. 

If x v Gromov converges to x, then there are a surjective tree homomorphism f u : 
T — > T v and Mobius transformations {m a } such that V/^fa) m a ~> Pa u.c.s. on 
S 2 \ Z a for all a € T. Hence d{ip v fu{a) o m£,v?a) -> for all S 2 \ B £ {Z a ). Therefore, 
the corresponding term in p £ (x,x u ) converges to zero, and analogous for the distance 
term involving ip u . By this and the (Energy) axiom in Def. 15.111 it is obvious that the 
energy terms in p £ (x,x u ) also converge to zero. For the other terms, this follows from 
Lem. 15.141 and thus p £ (x,x u ) — > vanishes in the limit. 

Conversely, suppose that p £ (x,x u ) 0. Then, for sufficiently large u, there exist a 
surjective tree homomorphism f v :T^T v and Mobius transformations {m^} a gr such 
that f u {a.j) = a" and 

p v := p £ (x, x\ r , {m a }) < p £ (x, x") + 2"" 

We prove that this sequence satisfies all axioms from Def. 15.111 For (Marked Points), 
(Nodal Points) and (Rescaling) as well as the (Map) axiom for <p u , we refer to the proof 
of Lem. 5.5.8 in [14] . 

We show the (Map) axiom for ip" '. Since p v — > 0, it follows that i\) v a := ifi^r^ m a 
converges to ip a uniformly on S 2 \ \J aE g B e (z a p). By Lem. 14.41 this convergence is 
uniform with all derivatives. From p u —> 0, it is moreover clear that E{ip^, B2 £ {z a p)) is 
uniformly bounded. This, and the (Map) axiom for (p a already established, shows that 
the hypotheses of Prp. 14.31 are satisfied on B2 £ {z a p)) \ Bg(z a p) for < 5 < e, providing 
a convergent subsequence on any compact subset. On B2 £ {z a p)) \ B £ {z a p), this limit 
agrees with ip a , and hence, by unique continuation (Lem. 3.5 in [llj), the limit agrees 
with ip a whereever both are defined, and thus the sequence ip^ itself converges to ip a 
u.c.s. on B £ (z a p) \ {z a p}. This proves the (Map) axiom for ip u . 

Finally note that, again by p v — > and by the choice of e, we have 

m a p{v) + E(ip a ,B £ (z a p)) = lim E f ^r a) ((p v , m a (B £ (z a p))) 
m a p{ip) + E(ip a ,B £ (z a p)) = lim E fv{a) (\p u ,m a (B £ (z a p))) 

Taking the limit e — > on both sides, we yield the (Energy) axiom. 

Altogether, we have shown that the sequence x v = (<p u ,ip u , z u ) Gromov converges 
to x = (ip,rp,z) provided that p £ (x,x u ) 0, which completes the proof. □ 
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The functions p £ (x,x') satisfy the following substitute for the triangle inequality. 

Lemma 5.20. For d = —2 or d = —1, let x G _A/fo,d,n(^> /3, E; A, J) be a stable super- 
curve and eq > be as in Lem. \5.19\ Then the following conclusion holds for every 
stable supercurve x' G Mo t d,n(X, (3, E; A, J), every sequence x v G M.§^ n (X, /3, E; A, J) 
of stable supercurves and < e < If x' satisfies p e (x,x') < e and x v Gromov 
converges to x' then 

limsup/? e (a;, x u ) < p £ (x,x') 

u—^oo 

Proof. Compared to the proof of the underlying classical case concerning stable maps 
(Lem. 5.5.9 in [13]), no new ideas are required here, and we omit the details. □ 

We will now define the Gromov topology on the moduli space Aio t d,n(X, /3, E; A, J) 
for d = —2 and d = — 1 and then show, by the properties of the distance function just 
established, that this topology is second countable and Hausdorff, and that convergence 
is equivalent to Gromov convergence. Moreover, we shall prove that the moduli spaces 
are compact and metrisable in the case d = — 1. 

In general, let (M,U) be a Hausdorff topological space, which is first countable. 
Then limits are unique and the closure cl(A) of a subset A C M is exactly the set of 
limit points of convergent sequences in A. We define C(U) C M x M N to be the set of 
all pairs (xo, (x n ) n ) of elements xq G M and sequences x n G M such that x n converges 
to xq. Conversely, let C C M x M N be an arbitrary collection of sequences. We define 
U(C) C 2 M to be the set of all subsets U CM that satisfy 

(21) (x , {x n ) n ) G C n (U x M N ) => 3N G N Vn > N : x n G U 

This can be seen to be indeed a topology. 

Lemma 5.21 ([H], Lem. 5.6.5). Let M be a set and C C M x M N 6e a collection of 
sequences in M that satisfies the uniqueness axiom: 

(x , (s n )n) G C and (y , (x„) n ) G C x = yo 

Suppose that for every x G M i/iere exists a constant £o(x) > and a collection of 
functions M — > [0, oo] : x' i— )• p e (x,x') for < e < eo^) satisfying the following 
conditions. 

(i) If x G M and < e < eoO^) ^ e7t Pe(^) = 0. 

(ii) IfxeM,0<e< e (x), and (x n ) n G M N i/ien 

(x, (x n ) n ) G C lim p e (x,x n ) = 

n— >oo 

fmj If x £ M, < £ < £o(x)j and (x', (x n ) n ) G C, i/ien 

p £ (x,x') < e => limsupyO e (x,x n ) < p £ (x,x') 

n—^oo 

Then C = C(U(C)). Moreover, the topology 11(C) is first countable and Hausdorff. 
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By Theorem l5,16l on unique limits, Gromov convergence for sequences of stable super- 
curves as defined in Def. [5JJ] descends to the moduli space M := M-o,d,n{X, /3, E; A, J). 
In other words, it makes sense to consider Gromov convergent sequences of equivalence 
classes. We define the Gromov topology on M to be the topology U(C) as in (|2ip . where 
we take C to be the set of all Gromov convergent sequences (to be more precise, the set 
of all pairs ([x], \x v \) 6 M x M N such that [x v ] Gromov converges to [x]). 

We conclude this chapter with the following main theorem on the Gromov topology 
as advertised above, whose proof is based on Lena. 15.211 Consult |15| for the neces- 
sary background and results on topological spaces, such as the countability axioms and 
Urysohn's metrisation theorem. 

Theorem 5.22. Let d = —2 or d = —1. Then the Gromov topology on the moduli space 
■M.o,d,n(X, (3, E; A, J) satisfies the following properties. 

(i) It is first countable and Hausdorff, and a sequence in Mo,d,n{X, P, E; A, J) con- 
verges with respect to the Gromov topology if and only if it Gromov converges. 

(ii) The Gromov topology even satisfies the second countability axiom. 

(Hi) Moreover, in the case d = —1, the moduli space Aio,d,n(X,l3,E;A,J) is compact 
and metrisable. 

Proof. By Thm. 15.161 Gromov convergent sequences have unique limits. By this result 
and, moreover, Lemmas 15.181 15.191 and 15.201 the hypotheses of Lem. 15.211 are satisfied 
such that (i) follows. 

We prove that M.Q,d,n{X, (3, E; A, J) is second countable. Fix an n-labelled tree 
(T,E,A). Corresponding to the decomposition of the homology class (3 into sums 
(3 = X^agT^"' the subset of stable supercurves in M.Q,d,n{X, (3, E; A, J) modelled over 
(T, E, A) is a countable union of compact subsets of a separable Banach manifold, and 
thus has a countable dense subset. The same remains true upon factoring out the equiv- 
alence relation from Def. 15.21 Since there are only finitely many n-labelled trees over 
which there exist stable supercurves representing (3 (cf. Rem. 15. 13j) . the whole moduli 
space Mo,d,n(X, (3, E; A, J) contains a countable dense subset. The union of the count- 
able neighbourhood bases of the elements of such a countable dense subset is a countable 
basis for the Gromov topology, thus establishing (ii). 

In the case d = — 1, Thm. 15.121 asserts that every sequence in Mo t d,n(X, (3, E; A, J) 
has a Gromov convergent subsequence. Hence, the moduli space is sequentially com- 
pact with respect to the Gromov topology. Now every second countable sequentially 
compact topological space is compact and, moreover, every compact Hausdorff space is 
normal. By Urysohn's metrisation theorem, every normal space with a countable basis 
is metrisable. This concludes the proof of (iii). □ 
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